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Chemical bonding is a nonlocal phenomenon that binds atoms into molecules.
Its ubiquitous presence in chemistry, however, stands in stark contrast to its
ambiguous definition and the lack of a universal perspective for its under-
standing. In this work, we rationalize and characterize chemical bonding
through the lens of an equally nonlocal concept from quantum information,
the orbital entanglement. We introduce the maximally entangled atomic
orbitals (MEAOs) whose entanglement pattern is shown to recover both Lewis
(two-center) and beyond-Lewis (multicenter) structures, with multipartite
entanglement serving as a comprehensive index of bond strength. Our uni-
fying framework for bonding analyses is effective not only for equilibrium
geometries but also for transition states in chemical reactions and complex
phenomena such as aromaticity. It also has the potential to elevate the Hilbert
space atomic partitioning to match the prevalent real-space partitioning in the
theory of atoms in molecules. Accordingly, our work provides a new frame-
work for understanding fuzzy chemical concepts using rigorous, quantitative
descriptors from quantum information.

The chemical bond is a central concept in chemistry, originating from
Gilbert N. Lewis’s idea of electron pairs shared between atoms'. Lewis’s
theory, developed independently of quantum mechanics, is remark-
ably simple and profoundly influential. It is thus commonly taught
already at the high school level. Heitler and London provided the first
quantum mechanical description of a hydrogen molecule bond?, later
evolving into valence bond theory®*, which uses superpositions of
configurations of electrons occupying atomic orbitals. Molecular
orbital theory’ followed historically, combining atomic into molecular
orbitals before occupying them with electrons. Both approaches
link bonding to quantum mechanics by virtue of rudimentary wave
functions, guided by chemical intuition, and together they form the
foundation of modern bonding theories.

Contrarily, modern electronic structure methods based on
sophisticated wave function ansitze offer great accuracy® ' but at the

same time complicate intuitive bonding descriptions. To address this
issue, various chemical bonding tools have emerged" ™, categorized
into real-space or topological, and Hilbert space approaches.
Concerning the former category, approaches such as Bader’s quantum
theory of atoms in molecules’ and the electron localization
function'”'® rely on topological analyses of the electron or same-spin
pair density. Consequently, they require computationally intensive
integrations over three-dimensional regions to derive descriptors like
bond order and aromaticity indices®*°. While being largely basis-set
independent, these methods therefore suffer from scalability issues
and integration errors®. Due to these issues, a recent information
theoretical approach to bonding analysis based on real-space
partitioning, though conceptually interesting, has thus far been
limited to mean-field descriptions®. In contrast, Hilbert space
methods'*** partition molecular systems into atomic domains using
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basis functions, offering computational efficiency but facing
challenges in basis set dependence and ambiguity in the orbital
assignments®. Recent orbital localization schemes, such as intrinsic
atomic orbitals (IAOs)*, mitigate these limitations, providing a robust
foundation for chemical bonding analyses, yet without inherently
yielding bonding concepts.

Despite these challenges, Hilbert space partitioning methods hold
significant promise. As we will demonstrate, these methods are parti-
cularly well-suited for applying tools from quantum information the-
ory (QIT) to analyze chemical bonding, offering a perspective that
addresses their current limitations. To further motivate our work, we
recall that recent studies” " have applied QIT tools to partitions based
on molecular orbitals, thus quantifying electron correlation and the
representational complexity of molecular quantum states. In contrast,
quantifying bonding structures with an emphasis on bonding orders is
a significantly more challenging task, as it requires adapting the QIT
approach to the nonlocal nature of covalent bonds by instead referring
to fully localized orbitals. The primary accomplishment of our work is
to devise a general scheme for computing maximally entangled atomic
orbitals (MEAOs), whose entanglement patterns quantitatively recover
both Lewis (two-center) and beyond-Lewis (multicenter) bonding
structures, with multipartite entanglement serving as a robust index of
bond strength.

Accordingly, by leveraging parallels between chemical bonding
and quantum entanglement, our work provides a QIT-based frame-
work that captures crucial features of chemical bonding such as
hybridization, bond orders, multicenter bonding, conjugation, and
aromaticity without a priori chemical assumptions. Our framework,
which we validate on standard and unconventional bonding cases,
thus provides a new framework for understanding fuzzy chemical
concepts using rigorous, quantitative descriptors from quantum
information theory.

Results

Entanglement in a single covalent bond

We motivate our general QIT-based framework by first analyzing the
idealized covalent bond formed by two electrons in a symmetric dia-
tomic molecule. For this, let ¢, and @y be the two relevant (real-valued)
atomic orbitals localized on the left and right atomic centers, with an
overlap S = (¢, |@g)#0. The prototypical bonding state |W,,,.4) is then
obtained by occupying the corresponding bonding orbital with the
electron pair,

[Poona) =[11), © 10)g, @

where ¢ and ¢ denote the bonding and antibonding orbitals,

— Pt p_ PP
¢= J2a+S)’ ¢= J21-5)" 2

Here and in the following, we use the formalism of ‘second quanti-
zation’ and recall that any orbital ¢ gives rise to a four-dimensional
Fock space, spanned by the states |0),, T)q), ¢>¢, and {N>¢, where
the arrow denotes the electron spin and |0),, the vacuum state. It is
crucial to note that the idealized state, Eq. (1), takes the form of a
product state (in 2" quantization) and, accordingly, it does not contain
any entanglement between the bonding and antibonding orbitals. This
is by no means a contradiction to the common expectation:
Entanglement is a relative concept and depends on the division of
the total system into orbital subsystems. By referring to molecular
orbitals ¢, ¢, the corresponding orbital entanglement merely quanti-
fies the validity of the independent electron-pair approximation rather
than the bonding order. This, in turn, reflects very well the
conceptually different perspectives of molecular orbital and valence
bond theory.

According to the definition of effective bond order (EBO)”, which
is the difference between the occupation numbers of the bonding and
antibonding orbitals divided by 2, the state in Eq. (1) represents a
“perfect” single bond with EBO = 1. In general, to compute the EBO for
more realistic molecular wave functions, one would first need to
categorize various molecular orbitals as bonding, antibonding, or
nonbonding. This can be based on factors such as spatial symmetry, or
their ability to promote or inhibit electron sharing between the atomic
centers?%, However, such criteria can become ambiguous and arbi-
trary in multicenter molecules, potentially leading to erroneous
results. As our work will show, it is precisely the QIT framework used in
a valence bond theoretical context that offers excellent prospects for
overcoming these deficiencies of approaches based on molecular
orbital theory.

To elaborate further on the idealized covalent bond and align our
QIT perspective with its nonlocal character, we introduce the sym-
metrically orthogonalized atomic orbitals

~ 1 1 1
= (- 4+ _ -
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1 < 11 ) 3
2\Virs vizs)m
In this orbital basis, the state in Eq. (1) has the following form:
hoon) = 5 (100 @ [1 1) 1), © |1)
bond 2 L R L R (4)
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That is, it is maximally entangled relative to the orbitals ¢, and @y,
with an entanglement value £ = log(4). Here, we used the fact that the
entanglement £ for pure states follows as the von Neumann entropy

S(p) = —Tr[plog()I”,
E(|Wsond){Ybona|) = S@LR), S

of the corresponding orbital reduced density matrices (RDM)

Prr=Trr/L[|Poond) (Woonal - (6)

We also recall that the maximal entanglement between two sub-
systems of dimension d (in our case d = 4) is simply E ,,, = log(d). This
entanglement value indicates maximal correlation between the phy-
sical observables measured on the left and right orbital, which, by
construction, recovers crucial bonding features such as electron
sharing and spin pairing.

Finally, we would like to stress that the orbitals ¢, and @y define
a partition of the underlying one-particle Hilbert space, which con-
ceptually resembles the real-space partitioning in the quantum the-
ory of atoms in molecules®. In more general situations involving
multiple atomic centers, or when each atomic center hosts more than
one atomic orbital, calculating the entanglement between any two
atomic subspaces becomes significantly more challenging for several
reasons. First, the reduced state p 5, defined on two atomic centers A
and B, is high-dimensional because the Fock spaces of A and B grow
exponentially with the number of orbitals on each center. Second,
Dyg is generally a mixed state as a result of the coupling of 4 and B to
other atomic centers. Consequently, the closed formula Eq. (5) for
entanglement in pure states is no longer applicable, and
the entanglement between A and B must instead be determined
numerically as the minimum “distance” from p,; to the set of
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Fig. 1| An overview of bonding analysis using maximally entangled atomic
orbitals (MEAOs). a Perform a Hilbert space partition with localized orbitals. Each
group of localized orbitals defines the local Hilbert space for each atom.

b Construct MEAOs via internal orbital rotations that preserve the local Hilbert
spaces, and minimize the objective function, Eq. (14), computed with a mean-field
wave function. ¢ Group MEAOs into two-center and multicenter bonds by

identifying strong links in the orbital correlation graph. MEAOs are represented by
the vertices in the correlation graph whose colors indicates the atomic assignment,
whereas strong and weak orbital correlations are illustrated with the solid and
dashed edges, respectively. d Apply quantum information theoretical tools to each
identified bond.

unentangled mixed states Sgep*®*

E(pap)=min, s Tr(pyp(logpsp — log o)),
Swp={ Y P04 @6, pi>0, Y pi=1}.

Nevertheless, the high dimensionality of p,; can often be cir-
cumvented when the entanglement between A and B is predominantly
captured by a few pairs of localized orbitals p;. This is a crucial aspect
of our work which we will elaborate on in the next section.

@)

Maximally entangled atomic orbitals

The centerpiece of our results is the set of maximally entangled atomic
orbitals (MEAOs). We briefly outline their construction and usage here,
while detailed procedures are provided in the Methods section. Given
a Hilbert space partition M={H®,#?, ...,H™} with atomic sub-
spaces H™, MEAOs are a basis of localized orbitals
B0 = (@M}, (@), ..., (¢"}) that ideally maximizes the total inter-
center entanglement, defined as the sum of entanglement between
two orbitals sitting on different atoms

Einter—center = Z E(ﬁzj)r (8)

i<j

where ﬁij is the orbital RDM of orbital i and orbital j that sits on different
atomic centers, obtained by tracing out all other orbital degrees of
freedom from the overall wave function |W). While Eq. (8) is physically
well motivated, its direct evaluation is computationally demanding due
to the mixed-state nature of ﬁ,-j and its dependence on the four-particle
RDM. To identify the MEAOs, we need a computationally affordable
objective function to guide the orbital rotations. To this end, we observe
that the entanglement in a two-orbital RDM ﬁ,-j is maximized
when it exactly matches the single covalent bond state, Eq. (4). The
entanglement in the state, Eq. (4), can be attributed to two important
superpositions: (i) [0); ® |N>j and |t]),®10); (i) [1),® |¢>j and
1), ® |T>j. These two superpositions are purely two-body, and the

coherence therein is measured by the elements I}l and I},

respectively, of the two-particle reduced density matrix (2RDM)
Tt = (WU iof [ f f 1o|W). Based on this observation, we define the
objective function for obtaining the MEAOs as

2
+

pit it 2

it
] L

Jril

Fripao(B)= Z , 9
i<j

where orbitals i and j belong to different atomic centers, and

B0 = argmin Fyeao(B),

(10)

where the minimization is performed over all bases of localized
orbitals that respect the Hilbert space partition I1 (denoted as B ~ IT).
In Fig. 1, we summarize the workflow of using MEAO for bonding
pattern analysis:

a. Choose a Hilbert space partitioning.

b. Construct MEAOs using a mean field wave function ‘wMF> and
Egs. (14), (10).

c. Compute the mutual information /;=5(p;) + S(p;) — S(;) for all
pairs of inter-center orbitals i and j, and apply graph-theoretical
methods to group the MEAOs into bonding pairs or bonding
groups.

d. Evaluate the pairwise or multipartite entanglement (defined in
section “Beyond-Lewis structures: genuine multipartite entan-
glement”) for these MEAO groups, using a correlated wave func-
tion |W).

Lewis structures and bipartite entanglement

Recovering standard chemical concepts: Within the framework of
standard Lewis theory, molecular bonding is described by Lewis
structures, where bonds are represented by pairs of shared electrons
depicted as lines between atoms. The bond multiplicity is then given
by the number of lines connecting two atoms. What sets MEAOs apart
from other localized orbitals is their ability to naturally reflect the
Lewis structures of molecules through their correlation and entan-
glement properties.
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Fig. 2 | Orbital isosurfaces and orbital correlation graphs of intrinsic atomic
orbitals (IAOs) and maximally entangled atomic orbitals (MEAOs) in the
ground state of C,H,. a Isosurfaces of valence carbon IAOs. b Isosurfaces of
valence carbon MEAOs. ¢ Orbital correlation graph of IAOs. Values of the

10
H3

normalized single orbital entropy S(p;)/ log(4) and the normalized orbital-orbital
correlation /;/ log(16) are represented in log-scale by the color of the nodes and
edges of the graph, respectively. d Same as ¢ but for MEAOs. The calculations are
performed with the cc-pVDZ basis.

In Fig. 2, we compare the shapes and orbital correlations of the
valence IAOs and MEAOs of ethene (C,H,) with the cc-pVDZ basis.
The MEAOs are constructed from the 14 minimal IAOs using a
Hartree-Fock solution. Subsequently, two complete active space
(CAS) calculations are performed using the IAOs and MEAOs,
respectively, to compute orbital correlation and entanglement.
While the IAOs retain much of their free atomic character, with a
clear distinction between one 2s and three 2p orbitals, the MEAOs
exhibit the classical sp* hybridization of carbon, forming three sp?
orbitals and one 2p orbital. This remarkable emergence of hybridi-
zation—a fundamental concept in organic chemistry—demonstrates

how MEAOs naturally capture chemical intuition (see Supplementary
Note 2 for further examples).

The differences in orbital shapes between IAOs and MEAOs result
in distinct correlation graphs, where MEAOs provide a sparse and
interpretable picture of bonding. High pairwise correlation values
(I = Imax) clearly identify bonding interactions, with non-bonding
pairs showing negligible correlation values (/;; ~ 10731,,,)- For ethene,
the correlation graph of the MEAOs reveals six bonding interactions:
four C-H o bonds and two C-C bonds (one ¢ and one m), as shown in
Table 1. In contrast, the correlation graph of the IAOs is dense and does
not provide a clear bonding picture.
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Table 1| Pairwise correlation I;; and entanglement E;; between
the bonding maximally entangled atomic orbitals (MEAOSs) in
the ground states of various molecules

Bond B/ Imax E;j/Emax
CHy C-H 0.957 0.954
C,Hg C-H 0.928 0.929
c-C 0.955 0.946
CoHy C-H 0.914 0.917
C-C(o) 0.944 0.932
C-C(m) 0.918 0.895
CoH, C-H 0.906 0.910
C-C(o) 0.915 0.908
C-C(m) 0.915 0.875
C-C(rmp) 0.915 0.875
No N-N(o) 0.962 0.950
N-N(rm) 0.919 0.880
N-N(rrp) 0.919 0.880
Lio Li-Li 0.942 0.944
LiH Li-H 0.767 0.768
LiF Li-F 0.191 0.192
He, He-He (0] 0

The correlation and entanglement values are normalized by their maximally attainable values
Imax =2 log(4) and E,, = log(4), respectively. All calculations are performed using a complete
active space including all electrons in the minimal intrinsic atomic orbital subspace, with the
experimental equilibrium geometry and with the cc-pVDZ basis.

For each two-center bond, there exists a pair of MEAOs with
correlation (/;;//,,,) and entanglement (E;/E y,,) values close to 1. The
number of such pairs matches the bond orders of the molecules ana-
lyzed in Table 1. Furthermore, deviations of /;; /I,y OF Ej/E s from 1
reflect deviations of the ground state from the idealized Lewis
structure*’. The results also highlight chemical trends, such as that w
bonds being generally lower in covalency than o-bonds. In summary,
MEAOs reorganize the ground state wave function into a representa-
tion as closely aligned as possible with the Lewis structure of the
molecule, providing a robust framework for quantifying bond orders
through orbital-orbital entanglement.

Before we move on to more advanced applications of the MEAO
formalism, we first point out that orbital entanglement directly cap-
tures only bonding effects arising from electron sharing and spin
coupling, namely covalent bonding. lonic or intermolecular bonding
effects are only indirectly shown in the reduction of orbital entangle-
ment. To demonstrate this constraint, we studied three molecules with
increasing levels of ionicity, Li,, LiH, and LiF. As shown in the second
panel in Table 1, we indeed observe a consistent decrease going from
Li, to LiF, in both mutual information and entanglement between the
two most correlated MEAOs. Finally, we test against the van der Waals
molecule He,, which was found to have zero correlation and entan-
glement between the MEAOs on the two helium atoms. We remark that
this number of absolute zero is ensured by the fact that the minimal
IAO subspace from which the He-MEAOs are constructed consists of
only one orbital for each atom. And since both electrons are placed on
this orbital, the total ground state is simply a product state between
the two fully occupied He-MEAOs. To fully confirm the lack of cova-
lency in He,, we extended the minimal IAO subspace to include the full
basis set, only to find a vanishingly small amount of correlation
between the two atomic centers.

The challenging harpoon mechanism: While the singlet ground
state of LiH at equilibrium (R = 1.6 A) is predominantly ionic, it
transitions to a covalent bonding character of the singlet first excited
state at an avoided crossing around Ry = 3A (see Fig. 3a). This

transition is accompanied by a shift of electron density from the
hydrogen atom towards the center of the molecule. Therefore, when
the molecule is stretched to dissociation, the electron sharing first
increases as it enters the covalent phase, and then decreases due to
final dissociation. This process is described as the harpoon
mechanism*. The hallmark of this mechanism is a peak in the covalent
bond order around the avoided crossing**, which is confirmed by the
electron delocalization index &;;4?** (Fig. 3b). This index measures
the covariance of electron populations in the Li and H atoms within a
real-space partition (see Supplementary Note 4 for a definition). The
bonding in this system is particularly challenging to describe because
standard Mulliken-like electron-sharing analyses based on Hilbert
space partitioning fail to detect the signature peak in the bond order®.
By contrast, the quantum information approach using MEAOs suc-
cessfully identifies this challenging feature, underscoring the strength
of our framework in capturing complex bonding phenomena.

In Fig. 3, we present the low-lying energy spectrum {&;} of LiH
calculated using the aug-cc-pVDZ basis set, the electron delocalization
index &y of the ground state (taken from ref. 44), and the highest
entanglement between a Li-MEAO and a H-MEAO in the approximate
thermal state. This thermal state includes the lowest four eigenstates
|w;), given by

3
PB= 5 > PEN ) (W, )
i=0

where =10° Ha™ represents the inverse temperature. Incorporating a
low-temperature thermal state is necessary because the energy gap
between the singlet ground state and the threefold degenerate triplet
first excited level practically closes around Ry;y = 4A, rendering the
ground state alone an insufficient physical representation of the
molecule. At lower separations (R < 4A), the thermal state is
effectively dominated by the ground state, as the gap remains
nonzero. An extended analysis of entanglement in both the ground
and excited states is provided in Supplementary Note 3.

Around equilibrium, there is still a considerable amount of
entanglement between a Li-MEAO and a H-MEAQO in the thermal state
P(B), which closely resembles the ground state at this geometry. A fully
ionic state would correspond to a product state with zero entangle-
ment relative to the atomic partition. However, since the state retains
some covalent character, the entanglement remains finite (see Sup-
plementary Note 3 for the relationship between E,;;; and the ionic
character of the bond). Remarkably, the entanglement E; ;. increases
as the molecule dissociates, peaking around Ry i, =3 A, coinciding with
the avoided crossing. Beyond this peak, the entanglement decays to
zero as dissociation progresses. This behavior stands in stark contrast
to the monotonic decrease of bond order observed in Mulliken-like
analyses®, demonstrating how the MEAO formalism effectively cap-
tures subtle and complex bonding phenomena, such as the harpoon
mechanism. These results underscore the strength of MEAOs as a
comprehensive framework for analyzing challenging and nontrivial
bonding scenarios.

Beyond Lewis structures: genuine multipartite entanglement
Genuine multipartite entanglement: While the majority of molecules
conform to the Lewis paradigm of two-electron, two-center bonds,
many molecules cannot be fully described by this model. These
molecules often exhibit bonding structures involving more than two
atomic centers. For two-center bonds, the connection between
bonding and entanglement is established through the bipartite maxi-
mally entangled state |Wy,,q) in Eq. (4). The natural question arises:
what is the equivalent of |W,,.4) in the case of multicenter bonds?
To motivate our approach to the multicenter bonding problem,
we first highlight that multipartite entangled states can belong to dif-
ferent classes with distinct internal structures. For example, for three
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Fig. 3 | LiH dissociation in the aug-cc-pVDZ basis. a Energies (in atomic units, a.u.)
of the lowest two states in the spin singlet sector (X'2* and A'X*) and the triply
degenerate first excited state in spin triplet sector (X’2*). b The electron delocali-
zation index 6y ;. of the singlet ground state. ¢ The highest entanglement value

4
Rii_u (A)

(normalized by log(4)) between two maximally entangled atomic orbitals, one
localized on Li and and one on H, in the thermal state at 8 = 10° Ha* involving the
singlet ground state and the triply degenerate triplet first excited states.

qubits, the following two states*®:

1
HZ)= — 111)),
|GHZ) ﬁ(|000>+| ) "
. (12)
(W) = ﬁ(uOO) +010) +|001)),

belong to separate tripartite entanglement classes and are both
maximally entangled within their respective classes. Notably, while
every pair of qubits in |W) is entangled, no qubit pairs are entangled in
|GHZ). Instead, the entanglement in |GHZ) exists collectively among all
three qubits.

A K-partite pure state |W) is said to exhibit genuine multipartite
entanglement (GME) if it cannot be expressed as a product state under
any bipartition*’. Otherwise, the state is called biseparable. To deter-
mine whether |W) contains GME, one can check whether the entropy of
any subsystem is nonzero. Based on this principle, a measure for pure
state GME is defined as***’:

GME(|W)) =min,S(3,), (13)
where A runs over all possible subsystems, which, in our case, corre-
spond to collections of orbitals. When K = 2, GME reduces to the
standard bipartite entanglement measure Eq. (5) for pure states. The
GME measure Eq. (13) is normalized by its maximal value log(d), where
d is the dimension of the Fock space of the smallest subsystem. This
measure can also be extended to mixed states via the convex roof

construction®*, For example, the states |[GHZ) and |W) have distinct
GME values of log(2) and log(3) — log(2), respectively, demonstrating
the capacity of GME to quantify entanglement genuinely shared
among multiple orbitals, regardless of the specific multicenter bond-
ing type or internal entanglement structure.

To illustrate the utility of GME as a multicenter bonding index, we
analyze prototypical three-center, two- and four-electron bonds in the
ethyl cation (C,H{) and the allyl anion (C;H5), respectively. In both
molecules, a three-orbital cluster is detected from the MEAO correla-
tion graph based on a B3LYP calculation, and the cluster is treated with
a CAS. The remaining two-orbital, two-electron bonds are treated with
mean-field accuracy, which ensures the correct electron count in the
CAS. The MEAO framework thereby enables the automatic detection of
electron-deficient and hypervalent bonds. As shown in Table 2, the
constructed CAS directly identifies the three-center, two-electron
bond in C,H; and the three-center, four-electron bond in C;H; . The
multicenter bonding character of these molecules are confirmed by
the high GME values (0.891 for C,H; and 0.787 for C;H3, both nor-
malized by log(4), as are all subsequent mentions of explicit values of
GME). To further validate the universal applicability of GME as a mul-
ticenter bond index beyond carbon rings, we also analyzed lithium
clusters. While lithium dimers are described by standard two-center
two-electron bonds, lithium trimer anions (Li; ) and tetramers Liy
display clear multicenter bonding patterns, with GME value 0.910 and
0.904, respectively.

GME as an aromaticity index: Aromaticity is a subtle chemical
concept®’, manifested in many chemical and physical properties™>,
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Table 2 | Genuine multipartite entanglement (GME) in the
ground state of various molecules

CAS(#o, #e) GME/ log(4)
C,H: 3,2) 0.891
CzHg (3, 4) 0.787
Li; 32 0910
Lig (4, 4) 0.904
CeHe (6, 6) 0.967
CsHsN (6, 6) 0.953
1, 2-CaHaN, 6. 6) 0.950
1, 3-CaHaN, 6. 6) 0.952
1, 4-C4HaN, (6, 6) 0.955
1,3, 5-CaHaNs ) 0.952
CoHy 5, 6) 0.954
C4HsN (5, 6) 0.725
C4H40O (5, 6) 0.572
CaHa @ 4) 0.343
CeHiz (6, 6) 0.015
Catho 6. 6) 0.035
CeHs (6, 6) 0.039

The values of GME are normalized by the maximally attainable value log(4). The computation of
the GME for each molecule uses the solution of a complete active space (CAS) consisting of the
orbitals in the largest inseparable cluster of size #o in the orbital correlation diagram and cor-
relating #e electrons. The orbital correlation diagrams are obtained using a B3LYP calculation
with the 6-311++G(d,p) basis set.

H2

but its underlying origin lies in the highly delocalized nature of elec-
trons within a ring*®. This delocalization, a hallmark of aromatic sys-
tems, is naturally captured by the GME.

The most prominent example of an aromatic molecule is benzene,
where the six out-of-plane p-orbitals collectively form a highly delo-
calized six-center bond, reflected by a six-r-orbital cluster with a GME
value of 0.970 with the experimental geometry*” and the cc-pVDZ basis
set. The mutual information between the MEAOs of benzene is pre-
sented in Fig. 4, showing a distinct six-orbital cluster formed by six -
MEAOs. A complete active space configuration interaction calculation
involving six electrons in six orbitals was performed for this cluster,
while all other orbitals were treated at the Hartree-Fock level. In con-
trast to benzene, the highest six-orbital GME values for three six-
member rings — cyclohexane (no 7 bond), cyclohexene (one  bond),
and cyclohexa-1,3-diene (two m bonds) — are 0.015, 0.035, and 0.039,
respectively. These results confirm that n-center electron delocaliza-
tion is a necessary condition for an n-partite GME value to approach
one. To benchmark GME as a quantitative aromaticity index, we
selected challenging systems from a collection of aromaticity tests*®.

First, we analyze nitrogen-substituted benzene rings. Replacing
one or more carbon atoms in the benzene ring with nitrogen disrupts
the uniform electron delocalization, reducing aromaticity*®. This
reduction is reflected in the GME values listed in Table 2, where
the aromaticity of substituted species is slightly lower than that of
benzene. The exact ordering of aromaticity for these six-membered
rings differs depending on the aromaticity index used, such as
the multicenter index (MCI)®, harmonic oscillator measure of
aromaticity (HOMA)®*?, aromatic fluctuation index (FLU)®, and

c2
12 1110 g
10°
107
107
10°

Fig. 4 | Orbital correlation graph of C4Hg. Values of the normalized single orbital
entropy S(p;)/ log(4) and the normalized orbital-orbital correlation /;/ log(16) are
represented in log-scale by the color of the nodes and edges of the graph,

respectively. The calculation is performed with the experimental equilibrium
geometry and with the cc-pVDZ basis.
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Fig. 5| Tests of genuine multipartite entanglement (GME) as an aromatic index.
a Six types of deformations of the benzene ring, including bond length alternation
(BLA), bond length elongation (BLE), chair, boat, clamping, and pyramid. b GME as
a function of the displacement AR in the BLA test. ¢ GME as a function of the
displacement AR in the BLE test. d GME as a function the deformation angle a in the
chair (black circle), boat (blue square), and clamping (red triangle) test. e GME as a
function of the deformation angle a in the pyramid test. f Energy (subtracted by the
transition state energy, in atomic units, a.u.) of the ground state of the reaction

systems along the intrinsic reaction coordinates (IRC) of a Diels-Alder cycloaddi-
tion. g Aromatic fluctuation index (FLU, grey circle), multicenter index (MCI, grey
square), harmonic oscillator measure of aromaticity (HOMA, grey triangle),
nucleus-independent chemical shift (NICS(1), grey diamond), and GME (red circle
filled) of the ground state of the reaction systems along the IRC. Aromatic indices
are linearly transformed to the interval [0, 1] for visibility. GME values are nor-
malized by log(4).

nucleus-independent chemical shift (NICS)** (see Supplementary
Note 4 for definitions). Notably, some well-known indices, such as
HOMA and the para-delocalization index, failed this test’®. The GME
values, however, correctly capture the trend that benzene has the
highest aromaticity compared to nitrogen-substituted rings.

Second, we examine five-member rings, which can host five-
orbital six-electron singlet bonds. A canonical example is CsHs , whose
aromaticity is lower than benzene due to reduced point-group sym-
metry and the lack of particle-hole symmetry in the m-subspace. As
expected, the GME value for CsHy is lower than that for benzene.
Substituting one carbon atom with nitrogen reduces the GME to 0.725,
while substituting with oxygen reduces it further to 0.572. For com-
parison, the non-aromatic CsHe yields a low GME value, and the
detected cluster contains only four orbitals. These results confirm that
GME accurately captures different levels of aromaticity in five-
member rings.

Third, we investigate the effect of geometric deformation on the
GME of benzene. The benzene ring is highly stable due to the reso-
nance energy associated with its aromatic structure. Consequently,
deviations from its equilibrium geometry are expected to raise the
ground state energy and reduce aromaticity®>. We analyze six types of
deformations: (1) bond length alternation (BLA), where C-C bond
lengths alternate with a difference of AR; (2) bond length elongation
(BLE) by AR; (3) clamping; (4) boat; (5) chair; and (6) pyramid (see
Fig. 5a for graphical depictions). The GME values under these defor-
mations are presented in Fig. 5b-e.

The GME is most sensitive to BLA, which explicitly breaks the six-
fold symmetry of the C-C bond lengths. For BLE, we find that the GME
decreases monotonically as the C-C distance increases, due to
reduced overlap between the m-orbitals. However, the reduction in
GME under BLE is less pronounced compared to BLA. Other defor-
mations also reduce GME, as expected, with the exception of the
pyramid deformation, where the GME slightly increases. This
anomaly likely arises because the pyramid deformation preserves the
six-fold symmetry of the ring. Overall, GME agrees well with the
expectation that deviations from the equilibrium geometry reduce
aromaticity, reinforcing its validity as a quantitative aromati-
city index.

Aromaticity in transition states: During chemical reactions, elec-
trons can become highly delocalized, sometimes forming transient
aromatic ring structures. A concrete example is the Diels-Alder
cycloaddition®®®’, where a conjugated butadiene reacts with ethene
to form cyclohexene. Although neither the reactants nor the product is
aromatic, the six m-electrons involved are temporarily shared across
the entire ring as the m-bonds in butadiene and ethene break to
form two new o-bonds and a new m-bond, thereby promoting
aromaticity®®®’ (see Fig. 5f for a graphical description of the reaction).

In Fig. 5f,g, we present the ground state energy of the system,
calculated using the hybrid functional B3LYP”® with the 6-311++G(d,p)
basis set along the reaction pathway parameterized by the intrinsic
reaction coordinate (IRC). We also include the GME values of the
ground states based on corresponding active space calculations,
alongside several aromaticity indices (shifted and renormalized to the
interval [0, 1]; details in Methods). The multicenter bonding clusters
and active spaces are determined using the graph partitioning tech-
nique described in Methods. Negative and positive IRC values indicate
directions toward the reactants and products, respectively.

The Diels-Alder reaction presents a stringent test for aromaticity
indices, as some widely used measures, such as HOMA®*** and FLU®*,
fail to detect aromaticity in the transition state®. Remarkably, GME
exhibits a distinctive peak corresponding to a six-orbital cluster, with
the location of the peak aligning well with other successful indices*®.
Data points where GME = 0 correspond to regions where no prominent
six-member clusters are detected. The successful detection of aro-
maticity in the transition state underscores the robustness of GME as
an aromaticity index, even for systems far from equilibrium.

In summary, we have introduced GME as an index for multicenter
bonding, particularly aromaticity, motivated by its high value in ben-
zene. Through a series of tests, we confirmed that GME accurately
assesses aromaticity across various aromatic molecules, including
substituted and deformed benzene rings, while recovering well-known
chemical trends both at equilibrium and in transition states. What sets
GME apart is its conceptual foundation, rooted in the same formalism
that characterizes two-center bonds™. Practically, the MEAO frame-
work enables fully automatic identification of multicenter bonding
clusters and their intensities, requiring no manual intervention. This
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Table 3| Pairwise correlation I; and entanglement E;; between
the bonding MEAOs in the ground states of CO and Cr(CO)g

Bond 1 /Do Ej/Emax
co C-0(0) 0.980 0.981
C-0(m) 0.872 0.873
C-0(1my) 0.872 0.873
Cr(CO)s cr-C 0.684 0.721
C-0(0) 0.905 0.919
c-0(m) 0.627 0.665
C-0(my) 0.627 0.665

The correlation and entanglement valuesc are normalized by their maximally attainable values
Inax =2 log(4) and E,,, = log(4), respectively.

makes GME a powerful tool for exploring complex bonding scenarios
with minimal effort.

Bonding in transition metal complexes

Our final demonstration of the MEAO framework involves the chro-
mium hexacarbonyl, Cr(CO)e, a prototypical transition-metal complex.
As an isolated molecule, CO exhibits a characteristic triple bond,
comprising one g and two m components. Upon coordination of the six
CO ligands to the Cr center, the C-O bond order decreases to a value
between a double and a triple bond, in accordance with the well-known
Dewar-Chatt-Duncanson mechanism of o-donation and m-back-
donation’>”>, This reduction in covalency is also quantitatively shown
by the diminished electron sharing between the C and O atoms in a
subsequent study’. In Table 3, we present the correlation and entan-
glement between the bonding MEAOs in both the free carbon mon-
oxide and the chromium hexacarbonyl, correctly confirming the
reduction in the covalent bond order between C and O. The MEAOs are
optimized based on an IAO Hilbert space partition constructed from
the entire atomic basis set (6-31G(d,p) basis set for carbon and oxygen,
and Roos augmented double-zeta atomic natural orbital basis for
chromium). Correlation and entanglement between the MEAOs are
evaluated from the one-particle reduced density matrix (IRDM)
obtained in a B3LYP density-functional-theory calculation.

Discussions

Turning the fuzzy concept of chemical bonding into quantitative
descriptors is essential for advancing our understanding of molecular
properties and reaction mechanisms. In this work, we introduced an
automated framework for versatile bonding analysis, combining the
intuitive principles of valence bond theory with the rigorous tools of
quantum information. At the core of this framework are the maximally
entangled atomic orbitals (MEAOs), whose entanglement patterns
naturally recover both Lewis (two-center) and beyond-Lewis (multi-
center) bonding structures across a wide range of molecules. More-
over, our approach successfully captures challenging bonding
scenarios that elude some widely adopted bonding descriptors,
including the harpoon mechanism in LiH dissociation and aromaticity
in the transition state of a Diels-Alder reaction.

Our framework offers a transformative perspective on the nature
of chemical bonding. Established concepts such as electron sharing
and spin pairing are seamlessly integrated into the entanglement
between (or among) spatially localized orbitals. The chemical sig-
nificance of MEAOs, which are automatically hybridized and intuitively
meaningful, underscores a deep connection between the quantum
mechanical essence of bonding and the entanglement between atomic
subspaces. Furthermore, by leveraging insights from entanglement
theory, our framework provides a unified characterization of two-
center and multicenter bonds using the same tools. Notably, the LiH

space partitioning, provided the correct descriptors, orbital entan-
glement in this case, are employed. This finding suggests a paradigm
shift, where Hilbert space approaches could emerge as strong alter-
natives to real-space methods, offering advantages such as scalability
and reduced sensitivity to integration errors.

Our work suggests several promising directions for future
research. First, applying the MEAO formalism to monitor bond-
breaking and bond-formation processes in molecular dynamics
would be of practical interest. Second, while this study focused pri-
marily on aromaticity as a multicenter bonding example, the efficacy of
genuine multipartite entanglement in detecting other multicenter
bonds, such as those in boranes”, agostic bonds’, and hydrogen
bonds”’, warrants further exploration. Lastly, extending the treatment
of multicenter bonds beyond a single active space description repre-
sents a compelling challenge. This could be addressed from a quantum
information perspective, through the development of advanced mul-
tipartite entanglement measures for mixed states, or from a quantum
chemistry perspective, by designing wave function methods capable
of handling multiple active spaces simultaneously, while representing
each multicenter bond by a pure state.

In conclusion, our framework bridges the gap between intuitive
chemical bonding theories and quantitative quantum descriptors,
offering a unified, scalable, and insightful approach for analyzing a
wide array of bonding scenarios. By integrating concepts from quan-
tum chemistry and quantum information theory, this work sets the
foundation for a deeper understanding of chemical bonding and its
role in molecular behavior.

Method
Here we present a detailed account of the construction and usage of
MEAOs for bonding analysis.

Step 1: Hilbert space partitioning. To introduce the MEAOs, we
begin with an atomic partition 1= {H"")}Z:1 of the one-particle Hilbert
space H= @ _,H™, where Mis the number of atoms in the molecule.
Typically, any procedure for such Hilbert space partitioning identifies
both the subspaces H™ corresponding to individual atoms m and the
localized orbitals {(pf.’"’} that form an orthonormal basis for H™.
Common examples of these localized orbitals include IAOs* and Meta-
Léwdin localized orbitals™. In principle, each atomic subspace H™
can be spanned by infinitely many possible orbital bases 5™ = {(pﬁ.’”)},
with any two such bases being related by an orbital rotation that pre-
serves the subspace H™. When we perform orbital optimizations in
later steps, we always consider orbital rotations that preserves the
Hilbert space partition I only.

Step 2: Constructing MEAOs. Guided by our analysis of the idea-
lized covalent bond in Section “Entanglement in a single covalent bond”,
the central idea of our approach is to identify the distinctive orbital basis
Bueao that maximizes the sum of inter-center orbital entanglements,
YigiE ([),-j), where the summation include orbital pairs (i, j) belonging to
different atoms only. While direct computation of the entanglement
E (ﬁ,-j) defined in Eq. (7) for all orbital pairs in larger systems can become
computationally expensive, this approach offers valuable insight into
the nature of chemical bonding by prioritizing the most significant inter-
center correlations. Specifically, in the single covalent bond state, Eq.
(4), both the particle numbers and the spin of the orthogonal atomic
orbitals are perfectly correlated, as reflected in the maximal values of the
coherent terms (0, 1 |9y 14 ,0) and (1, | [pyl{, 1), where
Pii=Whond)(Whona| (see Supplementary Note 1 for a more detailed
analysis). Inspired by this observation, we construct a proxy objective
function for orbital entanglement that preserves the key features of the
MEAOs in the perfect bonding state |Wy,.q):

2 2

example demonstrates that the less commonly used Hilbert space Fyeao(B)= Z l'ﬁj’j ﬁ’,i , 14)
atomic partition can be just as effective for bonding analysis as real- i<j
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whose maximization for a given molecular wave function |W) deter-
mines the sought-after orbital basis Byao (see Fig. 1b). Here,

Fioite = (WU ff 1o W),
are elements of the 2RDM T, and specifically l'ﬁj’j =(0, 14 1Pyl 14, 0)
and l'ﬁflj =(1, 4 Ipgl 4, 1). The role of the proxy function Fygao is
not to replicate the exact orbital entanglement for all two-orbital
reduced density matrices, but rather to ensure that its maximum
identifies an orbital basis closely aligned with the one that maximizes
the true entanglement, a behavior supported by the analytical
evidence discussed above and further validated by the numerical
results. In most cases where the bonding pattern is simple (e.g., typical
Lewis structures), the wave function |W) we use to compute the 2RDM
(and correspondingly the objective function Fygao) can be a mean field
wave function from a Hartree-Fock or a density functional theory
calculation. In more challenging cases such as the dissociation of LiH, a
correlated ground state (in our case a matrix product state, MPS)
should be used.

Step 3: Grouping MEAOs into bonds. Bonds are identified by
grouping MEAOs into strongly entangled pairs or clusters, which
would require evaluating the entanglement between every inter-center
pair of orbitals. This computationally expensive process can be effi-
ciently approximated using the mutual information®*7°-5%

as)

I =10y =S(p) +S®)) — S©O), (16)

which is computationally inexpensive and serves as an upper bound
to the entanglement, I;zE;*. I; is also referred to as the total corre-
lation, or simply correlation, between the orbitals i and j. To group
MEAOs into bonds, we construct first a correlation graph: Two
orbitals are considered connected in the correlation graph if their
correlation /;; exceeds a threshold 1 = 10% of the maximum value
I max =2 10g(4). Similar to the maximal value of entanglement, /,, is
also attained by the covalent bond state, Eq. (4). Introducing a
threshold n > 0 reduces the number of orbitals to be analyzed by
removing those that do not contribute meaningfully to bonding,
while choosing n small enough ensures all relevant orbitals are
retained. The resulting clusters reliably correspond to two-center or
multicenter bonds, as illustrated in Fig. 1c.

Step 4: Apply quantum information tools to each identified
bond. Once the orbital pairs and clusters responsible for chemical
bonding are identified, quantum information tools are applied to
characterize each bond in greater detail. These include measures of
bipartite and genuinely multipartite entanglement, which provide
deeper insight into the underlying bonding structure. To this end, we
employ correlated wave functions to achieve an accurate description
of the ground state. Two-center bonds are characterized through the
entanglement between the two orbitals forming a pair after the
graph partition, whereas multicenter bonds are quantified by the
GME among all orbitals in a bonding cluster containing more than
two centers. To compute the entanglement between two MEAOs in a
bond, we directly evaluate the matrix elements of the corresponding
two-orbital reduced density matrix using an MPS ansatz. These
matrix elements are components of particle reduced density matri-
ces up to the fourth order. This approach remains computationally
efficient, as only a small subset of these matrix elements is required
due to symmetry constraints.

Due to the difficulty of computing bipartite entanglement for
mixed states, the GME can be efficiently computed only for pure states.
Therefore, to evaluate the GME, we employ a complete active space
(CAS) wave function in which only the orbitals participating in the
multicenter bond are included in the active space, while the remaining
orbitals are transformed into closed and virtual orbitals as described in
the following. We first partition the one-particle Hilbert space into an

active subspace (comprising the multicenter bonding orbitals) and a
non-active subspace (the remainder). Let y"" ™ denote the restric-
tion of the full spin-free one-particle reduced density matrix (IRDM),
Vi =20:T, ¢(llllf}'afja|lll>, to the non-active subspace. Since the wave
function on the non-active orbitals corresponds to almost fully occu-
pied local bonding orbitals and almost empty local antibonding orbi-
tals, the eigenvalues of y""*"¢ are close to either 0 or 2. We assign the
natural orbitals of y™" " with eigenvalues greater than 1 as closed
orbitals, and those with eigenvalues smaller than 1 as virtual orbitals.
By construction, the closed and virtual orbitals are orthogonal to those
involved in the multicenter bond, thereby defining a consistent active
space partition.

Numerical details: The construction of intrinsic atomic orbitals
and meta-Léwdin orbitals was performed using the PySCF package®
with default settings. To find the maximally entangled atomic orbitals
(MEAOs), the objective function, Eq. (14), was maximized using a
second-order Newton-Raphson method, where the analytic gradient
and diagonal elements of the Hessian were used, as detailed in Sup-
plementary Note 1.

Molecular structures of the molecules in Table 1 and CO in
Table 3 were taken from experimental data in the NIST Computa-
tional Chemistry Comparison and Benchmark Database*’, except for
He, whose bond length is taken from ref. 84. The carbon rings in
Table 2 and those in Fig. 5b-e are optimized using the B3LYP func-
tional with the 6-311++G(d,p) basis®™. In particular, the geometry
optimization is performed with the PySCF package for C,Hs , C;H:,
CeHs, CsHio, and CgHy,, while the optimized geometries of the rest of
the carbon rings are directly taken from the Supplemental Material of
ref. 58. The geometries of Li; and Li, are optimized geometries on
CCSD and CCSDT levels of theory, respectively®. The structure of
Cr(CO), is constructed with the experimental bond lengths reported
in ref. 86. All active space and full configuration interaction calcula-
tions were performed with an MPS and a density matrix renormali-
zation group (DMRG) solver provided by Block2®"%,

The relative entropy of bipartite entanglement for mixed states
was calculated using the semidefinite programming package CVX**°
and quantum information helper functions provided in refs. 91,92. The
algorithm for calculating the entanglement can be found in ref. 93.

The Diels-Alder reaction was simulated using the Gaussian
program®, starting from the transition state and progressing
towards the reagents and products along separate paths. For the
thermal state of LiH, the thermal 2RDM is used to optimize the
MEAOs, starting from a set of meta-Léwdin localized orbitals. The
thermal 2RDM is computed as the thermal average of the state-
specific 2RDMs obtained via DMRG calculations correlating all elec-
trons and all orbitals in the basis.

The minimization in the definition of GME is approximated by
minimizing over all single orbital entropies, two orbital entropies,
and bipartite entanglement along the MPS. This is a sensible
approximation since the largest genuinely entanled cluster we have
studied in this work consists of only six centers. In most cases, the
minimization is realized by one of the single orbital entropy values.
The aromatic indices in Fig. 5g were taken from ref. 58 and linearly
renormalized to the interval [0,1], by first taking the absolute value,
then subtracting by the lowest value, and finally divided by the lar-
gest value. Orbital isosurface plots were produced using the soft-
ware Jmol®.

Data availability

The data that support the findings of this study are available from the
corresponding authors upon request. Unprocessed energies and aro-
matic indices for the Diels-Alder reaction and molecular structures that
are not listed in the NIST database are provided as Supplementary
Data 1. Cube files for generating orbital isosurfaces are available from
Zenodo’®. Source data are provided with this paper.
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Code availability
The codes used in this study are available from Zenodo®® and from the
corresponding author upon request.
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