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A B S T R A C T 

At any given scale, 3 × 2-point statistics extract only three numbers from the joint distribution of the cosmic matter density 

and galaxy density fluctuations: their variances and their covariance. It is well known that the full shape of the probability 

distribution function (PDF) of those fluctuations contains significantly more information than can be accessed through these 
three numbers. But the study of the PDF of cosmic density fluctuations in real observational data is still in its infancy. Here we 
present COSMOMENTUM , a public software toolkit for calculating theoretical predictions for the full shape of the joint distribution 

of a line-of-sight-projected tracer density and the gravitational lensing convergence. We demonstrate that an analysis of this full 
shape of the PDF can indeed disentangle complicated tracer bias and stochasticity relations from signatures of cosmic structure 
growth. Our paper also provides back-drop for an upcoming follow-up study, which prepares PDF analyses for application to 

observational data by incorporating the impact of realistic weak lensing systematics. 
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 I N T RO D U C T I O N  

ne of the major questions asked by today’s cosmological studies of
he large-scale structure of the Universe is in fact a very simple one:
o we understand gravitational collapse on cosmological distance 

nd time-scales? The archetypal experiment to answer this question is 
o measure the amplitude of density fluctuations in the early Universe 
nd test whether – starting from those fluctuations – the cosmological 
tandard model can predict the amplitude of fluctuations today. This 
as e.g. been done by comparing cosmological parameter constraints 
btained from the power spectrum of temperature and polarization of 
he cosmic microwave background (CMB; e.g. Planck Collaboration 
I 2020 ) to the power spectrum of the galaxy density field and

he cosmic gravitational lensing field in the late Universe (e.g. H. 
ildebrandt et al. 2017 ; DES Collaboration 2018 ; T. M. C. Abbott

t al. 2022 ; H. Miyatake et al. 2023 ; A. H. Wright et al. 2025 ). While
he most recent instalments of this comparison find no significant 
eviation between large-scale structure data and the cosmological 
tandard model, recent spectroscopic analyses (A. G. Adame et al. 
025 ; DESI Collaboration 2025 ) indicate that such a deviation does
ndeed exist. But both statistical and systematic uncertainties limit 
ur ability to pin down such beyond-standard-model physics with 
hotometric surveys of structure growth. 
 E-mail: oliver.friedrich@physik.lmu.de 
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This limitation is partly due to the fact that we primarily test
ur understanding of gravitational collapse through the analysis 
f density fluctuation variance as a function of time and scale
two-point statistics). I.e. at any given distance scale and time, we
nly extract three numbers from the joint probability distribution 
unctions (PDFs) of the cosmic matter density and galaxy density 
eld: their two variances and their covariance. And these numbers 
ary so smoothly with both time and scale that such analyses lead to
eatureless signals (especially in photometric surveys) that can be too 
oor to distinguish between cosmological signatures and signatures 
f poorly understood survey systematics and astrophysics (baryonic 
hysics). This is exacerbated by the fact that non-linear evolution 
f the cosmic density field actually removes information from the 
econd moments of density fluctuations and stores that information 
n higher order correlation functions, where it cannot be accessed by
wo-point statistics. 

To overcome these limitations, future analyses of the large-scale 
tructure of the Universe must uncover a more complete view of the
osmic density field. This may e.g. be achieved by studying higher
rder moments of the density field (A. Petri et al. 2015 ; A. Peel et al.
018 ; M. Gatti et al. 2022 , 2024 ), higher order correlation functions
A. Halder et al. 2021 , 2023 ; A. Halder & A. Barreira 2022 ; Z.
ong et al. 2023 ; P. A. Burger et al. 2024 ; Z. Gong et al. 2024 ),
r complementary statistics such as marked correlation functions 
A. Aviles et al. 2020 ; J. Armijo et al. 2024b ; L. Lai et al. 2024 ),

inkowski functionals (N. Grewal et al. 2022 ; J. Armijo et al. 2024a ;
is is an Open Access article distributed under the terms of the Creative
h permits unrestricted reuse, distribution, and reproduction in any medium,
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. Liu et al. 2025 ), or peak statistics (N. Martinet et al. 2018 ; J.
arnois-Déraps et al. 2021 ; D. Zürcher et al. 2022 ; G. A. Marques

t al. 2024 ). Another promising route to analyse the large-scale
tructure beyond its two-point statistics is the study of the full shape
f the PDF of density fluctuations. Promising forecasts of higher
rder weak lensing statistics for Euclid (Euclid Collaboration 2023 )
how that this PDF contains significant cosmological information,
nd combining it with standard two-point statistics can significantly
ighten cosmological constraints (as demonstrated in fig. 43 in Euclid
ollaboration 2024 ). It has long been known that this shape can be
ell understood analytically (see e.g. F. Bernardeau 1994 , 1995 ; F.
ernardeau & P. Valageas 2000 ; P. Valageas 2002a ). More recent

heoretical advances have been made for the PDF of matter density
F. Bernardeau, C. Pichon & S. Codis 2014 ; F. Bernardeau, S. Codis
 C. Pichon 2015 ; C. Uhlemann et al. 2016 ; M. M. Ivanov, A.
. Kaurov & S. Sibiryakov 2019 ) and its sensitivity to cosmology

nd fundamental physics (S. Codis et al. 2016 ; C. Uhlemann et al.
018b , 2020 ; O. Friedrich et al. 2020 ; M. Cataneo et al. 2022 ; W. R.
oulton, T. Abel & A. Banerjee 2024 ). Those results can be linked to

he PDFs of weak gravitational lensing and galaxy clustering fields
uch as the convergence (A. Barthelemy et al. 2020a , 2022 , 2024 ;
. Barthelemy, S. Codis & F. Bernardeau 2020b ; A. Boyle et al.
021 ; L. Castiblanco et al. 2024 ; V. T. Sreekanth et al. 2024 ) and
perture mass (A. Barthelemy, S. Codis & F. Bernardeau 2021b ),
nd counts-in-cells of biased tracers (C. Uhlemann et al. 2018a ; O.
eicht et al. 2019 ; O. Friedrich et al. 2022 ; D. Britt et al. 2024 ;
. M. Gould et al. 2025 ). Another advantage of one-point PDFs

s that their analytical covariances are more tractable as they can
e determined from the joint two-point PDFs (C. Uhlemann et al.
023 ). Nearest Neighbour Statistics (A. Banerjee & T. Abel 2021 )
re closely related to density PDFs and similarly can be extended to
apture cross-correlations between a tracer and a field (A. Banerjee
 T. Abel 2023 ). Those statistics organize information in a slightly

ifferent way, while density PDFs scan densities at a given set of
moothing scales, kNN statistics scan scales at a given number of
earest neighbours. 
In observational data, analyses have so far focused on studying

he PDF of galaxy density fluctuations (e.g. G. Efstathiou 1995 ; A.
ang & W. C. Saslaw 2011 ; A. I. Salvador et al. 2019 ; A. Repp & I.
zapudi 2020 ), while the PDF of gravitational lensing convergence
which probes the total matter density field) has only been analysed
ased on a simplified shifted lognormal model (S. Hilbert, J. Hartlap
 P. Schneider 2011 ) by L. Clerkin et al. ( 2017 ). A breakthrough in

omparing our theoretical understanding of the full matter density
DF with observations was made through the program of density-
plit statistics (D. Gruen, O. Friedrich & The DES Collaboration
016 ; M. M. Brouwer et al. 2018 ; O. Friedrich et al. 2018 ; D. Gruen
t al. 2018 ; P. Burger et al. 2020 , 2022 ; E. Paillas et al. 2021 ). By
tudying galaxy counts-in- and gravitational lensing-around-cells (or
edshift space distortions in split densities, as considered by E. Paillas
t al. 2021 ) these studies were able to extract measurements from
alaxy surveys that indirectly trace the shape of the density PDF.
nd based on these measurements, as well as the aforementioned

heory O. Friedrich et al. ( 2018 ) and D. Gruen et al. ( 2018 ) derived
or the first time cosmological information from the PDF of density
uctuations that approaches the precision of state-of-the-art two-
oint analyses. Ultimately, the main role of PDF analyses may
owever not be to compete with two-point statistics, but to serve
s an anchor to pin down small-scale physics: the PDF is extremely
ersatile in distinguishing aspects of the large-scale structure that
eave very degenerate signatures in two-point correlation functions
O. Friedrich et al. 2018 , 2022 ). 
NRAS 545, 1–17 (2026)
In this paper we take the PDF program one step further and develop
he techniques to analyse the full shape of the joint PDF of galaxy
ensity fluctuations and weak gravitational lensing convergence. In
articular, we prepare for an analysis of fluctuations in the density
f MagLim galaxies from the Dark Energy Survey (DES; T. M. C.
bbott et al. 2022 ; A. Porredon et al. 2022 ) and the convergence
f the weak gravitational lensing of galaxies probed by a Stage-IV
urvey like the Euclid space telescope (Euclid Collaboration 2023 ,
024 ) and Rubin Observatory Legacy Survey of Space and Time (Ž.
vezić et al. 2019 ). Our presentation is set out as follows: Section
 presents the details of our theoretical modelling. In Section 3
e describe different sets of simulated data and use these data to
alidate our theoretical predictions. Section 4 closes with a number
f conclusions, an outlook on the potential of our method for current
nd future galaxy surveys, and a discussion of open issues. We
ccompany our analysis with the publicly available numerical toolkit
OSMOMENTUM , 1 which we hope will foster further development and a
ider application of the methods developed here. 

 T H E O RY  

n this paper we are interested in the joint PDF of projected galaxy
ensity contrast δg and weak lensing convergence κ on the sky. Let
s initially ignore the issue of galaxy bias and stochasticity and
onsider the projected matter density contrast δm 

instead of δg . Both
m 

and κ can be considered as line-of-sight projections of the three-
imensional density contrast δ3D . Identifying points on the sky by
nit vectors ˆ n on the sphere and assuming a spatially flat Universe,
his can be written as (M. Bartelmann & P. Schneider 2001 ) 

m 

( ˆ n ) = 

∫ 
d χ wm 

( χ ) δ3D ( χ · ˆ n , η0 − χ/c) , (1) 

( ˆ n ) = 

∫ 
d χ wl ( χ ) δ3D ( χ · ˆ n , η0 − χ/c) . (2) 

ere χ is co-moving distance, η0 is today’s conformal time, and
m 

and wl are the line-of-sight projection kernels corresponding to
he two fields. The kernel wm 

( χ ) is given in terms of the redshift
istribution ng ( z) of the tracer (lens) galaxies as 

m 

( χ ) = ng ( z( χ ))
d z 

d χ
( χ ) , (3) 

nd the weak lensing kernel is given by the source galaxy distribution
s ( zs ) 

l ( χ ) = ∫ d zs ns ( zs ) wl,zs 
( z( χ )) , (4) 

l,zs 
( z) = 3 H 2 

0 �m 

2 c2 

χ( z)
[
χ( zs ) −χ( z)

]
χ( zs ) 

(1 + z) � ( zs − z) , (5) 

here �m 

is today’s total matter density in units of the critical density,
0 is today’s Hubble expansion rate, c is the speed of light, and � is

he Heaviside function. 
For our work, we chose a Stage-IV like background source sample

eaking at redshift zs ≈ 1 . 1 and a DES-like lens sample in the
oreground with a peak at zl ≈ 0 . 6 (corresponding to redshift bin 2).
his ensures a good overlap between the lens redshift distribution and

he weak lensing kernel while minimizing the overlap in the redshift
istributions to mitigate strong effects from intrinsic alignments. We
llustrate the redshift distributions of our lenses and sources in Fig.
 . 
In the following notation, let us fix some angular scale θ and

onsider averages of δm 

and κ over circles of radius θ , i.e. 

https://github.com/OliverFHD/CosMomentum
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Figure 1. (a) Central panel: fiducial theoretical prediction for the joint PDF 
p( δg , κ) shown as red, solid contours, enclosing 12 per cent, 34 per cent, 
68 per cent , and 95 per cent of the total probability, where δg is density 
contrast of DES-like MagLim galaxies and κ is the Stage-IV-like weak lensing 
convergence – both averaged over 20 arcmin filters on the sky. For the weak 
lensing convergence κ we include the effect of shape noise from intrinsic 
galaxy shapes. For comparison, the blue shaded contours show the joint 
PDF measured from mock catalogues based on the T17 simulations. Upper 
panel: predicted (red solid line) and measure (blue points) convergence PDF 
p( κ). Left panel: predicted (red solid line) and measured (blue points) galaxy 
number count PDF p ( Ng ). p ( κ) and p( Ng ) are obtained by marginalizing the 
joint PDF over Ng and κ , respectively. (b) Residuals between the measured 
and predicted joint and marginal PDFs. We recommend excluding the grey 
outer regions (beyond the 95 per cent probability region) of the δg − κ plane in 
forecasts and data analyses due to limited model accuracy and the breakdown 
of the Gaussian likelihood approximation in those areas. The dashed black 
lines represent the theory predictions for p( δg , κ) to highlight areas of high 
probability. 
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Figure 2. Redshift distributions of the simulated DES-like lenses (dark red 
solid line) and Stage-IV-like sources (dark blue solid line to the right of 
the plot). The histogram represents the discrete Stage-IV-like source redshift 
distribution used to create the source catalogue from the R. Takahashi et al. 
( 2017 ) ( T17 ) simulation suite. 
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m,θ ( ˆ n ) = 1 

2 π (1 − cos θ ) 

∫ 
ˆ n · ˆ n′ <cos θ

d �′ δm 

( ˆ n′ ) , (6) 

θ ( ˆ n ) = 1 

2 π (1 − cos θ ) 

∫ 
ˆ n · ˆ n′ <cos θ

d �′ κ( ˆ n′ ) . (7) 
e want to model the PDF of these averaged quantities. Assuming
hat the Universe is statistically isotropic, this PDF will not depend
n the location ˆ n and we can simply denote it by p( δm,θ ; κθ ). 
To model the PDF p( δm,θ ; κθ ) theoretically it is useful to consider

lso the cumulant generating function (CGF) of the two fields. First,
heir moment generating function is given by the power series 

θ ( λδ, λκ ) =
∞ ∑ 

i,j= 0 

〈 δi 
m,θ κ

j 
θ 〉 

i! j ! 
λi 

δ λj 
κ , (8) 

nd the CGF is defined as its logarithm, i.e. 

θ ( λδ, λκ ) = ln ψθ ( λδ, λκ ) 

≡
∞ ∑ 

i,j= 0 

〈 δi 
m,θ κ

j 
θ 〉c 

i! j ! 
λi 

δ λj 
κ . (9) 

ere, the last line serves as a definition of the so-called cumulants (or
onnected moments) 〈. . . 〉c . Those are the parts of the moments that
ould vanish if δm,θ and κθ had a multivariate Gaussian distribution 

F. Bernardeau et al. 2015 ). 
The pair PDF–CGF is somewhat analogous to the pair of real

pace and Fourier space correlation functions in two-point statistics. 
n data, it is more straightforward to measure the PDF and the
eal space correlation function. But in cosmological theory it is 
ore straightforward to predict the CGF (which could also be an

bservable A. Boyle et al. 2023 ) and the Fourier space correlation
unction (the power spectrum). While power spectrum and real space 
orrelation function are connected via a Fourier transform, the PDF 

nd CGF are related through a Laplace transform 

ϕθ ( λδ,λκ ) = 〈 eλδδm,θ + λκ κθ 〉 
= 

∫ 
d δm,θ d κθ p( δm,θ ; κθ ) eλδδm,θ + λκ κθ . (10) 

urthermore, following F. Bernardeau & P. Valageas ( 2000 ) (see also
. Friedrich et al. 2018 ; A. Barthelemy et al. 2020a ; A. Boyle et al.
021 ) the joint projected CGF ϕθ ( λδ, λκ ) can be approximated in
erms of the CGF of three-dimensional matter density contrast in 
MNRAS 545, 1–17 (2026)
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Table 1. Fitted quadratic galaxy bias parameters for the Eulerian, La- 
grangian, and Gaussian Lagrangian models (top) and quadratic stochasticity 
parameters (bottom) for the lens sample. 

bE 
1 bE 

2 bL 
1 bL 
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ylinders of radius R and length L , ϕcy ,R,L ( λ, η), as 

ϕθ ( λδ, λκ ) 

≈
∫ 

d χ lim 

L →∞ 

ϕcy ,χθ,L ( L { wm 

( χ ) λδ + wl ( χ ) λκ} , η0 − χ/c) 

L 

. 

(11) 

his can be considered as the equivalent of the Limber approximation
D. N. Limber 1953 ) of the line-of-sight-projected power spectra for
he line-of-sight-projected CGF. 

Equation ( 10 ) can then be inverted to compute the PDF p( δm,θ ; κθ )
rom the CGF ϕθ ( λδ, λκ ) with an inverse Laplace transformation.
hoosing the integration paths of that transformation along the

maginary axes of λδ and λκ leads to 

p( δm,θ ; κθ ) = ∫ 
d λδ d λκ

(2 π )2 
exp ( −i λδδm,θ − i λκκθ ) exp ( ϕθ ( i λδ, i λκ )) . (12) 

ote that this is simply a 2D Fourier transform of the function
xp ( ϕθ ( i λδ, i λκ )). Hence, fast Fourier transform (FFT) is a promising
echnique to evaluate equation ( 12 ) quickly. 

So far (cf. equation 11 ) we have only considered the joint PDF of
rojected matter density contrast and lensing convergence, p( δm 

, κ).
e now want to replace the unobservable δm 

with the number count
g of a galaxy sample with the same line-of-sight projection kernel.
o do so, let us first consider the joint PDF of all three variables,
hich we decompose as 

( Ng , δm 

, κ) = p( Ng | δm 

) p( δm 

, κ) . (13) 

ere p( Ng | δm 

) is the conditional PDF of finding a galaxy number
ount Ng in our aperture when the matter density contrast in the
ame aperture is δm 

. This conditional PDF includes the conditional
xpectation value capturing galaxy bias 

 Ng | δm 

〉 = N̄g (1 + 〈 δg | δm 

〉 ) , (14) 

here N̄g is the mean galaxy count averaged over all apertures on
he sky, and the stochasticity (or shot noise) of the galaxy density
eld around this deterministic relationship. The factorization of the
DF in equation ( 13 ) assumes that this stochasticity is completely
etermined by δm 

in the aperture and is otherwise independent of κ .
he PDF of Ng and κ is then obtained by integrating out δm 

, 

( Ng , κ) =
∫ 

d δm 

p( Ng | δm 

) p( δm 

, κ) . (15) 

We describe models for the deterministic and stochastic parts of
( Ng | δm 

) in Section 2.1 and Section 2.2 , respectively. Section 2.3
llustrates how to incorporate galaxy shape noise which affects the
eak lensing convergence in the joint PDF. 
The remainder of this section will detail analytical and numerical

ecipes to evaluate key parts of the above equations. Section 2.4
escribes how to model the CGF of matter density contrast in
ylinders. Section 2.5 and Section 2.6 describes how to efficiently
erform the line-of-sight projection of the CGF and the inversion of
he Laplace transform that relates the PDF and CGF of the projected
elds. 

.1 Galaxy bias 

he galaxy density contrast δg inside a given angular aperture is
elated to the galaxy count Ng in that aperture via 

g = Ng 

N̄g 

− 1 . (16) 
NRAS 545, 1–17 (2026)
nstead of the PDF p( Ng , κ) we can hence equivalently study the PDF
( δg , κ). For a Eulerian bias model, we can directly parametrize the
onditional mean in a Taylor expansion. To second order we obtain 

 δg | δm 

〉 = bE 
1 δm 

+ bE 
2 

2 
( δ2 

m 

− σ 2 
m 

) , (17) 

here subtracting the matter variance term ensures a zero mean for
he galaxy density contrast. In our analysis, we adopt this quadratic
ulerian bias expansion, which already predicts the measured con-
itional mean 〈 δg | δm 

〉 with sub-percent level accuracy. To obtain the
arameters, we measure the conditional mean of galaxy counts given
he dark matter density from mock catalogues based on the T17
imulations using the galaxy redshift distribution shown in the red
ine in Fig. 2 . We fit the conditional mean of galaxy counts given
ark matter density along with the measured lens number density

¯3D 
g = 1 . 2 × 10−3 Mpc−3 corresponding to an angular density of

¯g = 0 . 0834 arcmin−2 . This leads to the parameters summarized in
able 1 . Our fitted bias parameters are similar to the theoretical ex-
ectations for DES-like mock galaxy sample b1 = 1 . 93, bδ2 = 0 . 19
nd bs2 = −0 . 53 quoted in A. Halder et al. ( 2023 ). It is expected that
he counts-in-cells b1 parameter is scale-dependent and approaches
he standard linear bias in the limit of increasing scale (O. Friedrich
t al. 2020 ). The bδ2 corresponds to our b2 / 2, but for circularly
veraged densities the tidal bias term s2 will correlate with the δ2 

erm thus lowering the effective b2 . 
Lagrangian bias models can be implemented through the joint

DF and CGF of δm 

and δg (and suppressing all dependence on the
moothing aperture for now) for which this expectation value is given
y 

〈 δg | δm 

〉 
= 

1 

p( δm 

) 

∫ 
d δg δg p( δg , δm 

) 

= 

1 

p( δm 

) 

∫ 
d λg d λm 

(2 π )2 
e−iλm δm + ϕ( iλm ,iλg ) 

∫ 
d δg δg e

−iλg δg 

= 

1 

p( δm 

) 

∫ 
d λg d λm 

2 π
e−iλm δm + ϕ( iλm ,iλg ) i

d δD ( λg ) 

d λg 

= 

∫ 
d λm 

2 π e−iλm δm + ϕ( iλm ) ∂ λg 
ϕ( iλm 

, 0) ∫ 
d λm 

2 π e−iλm δm + ϕ( iλm ) 
. (18) 

ow for any given angular smoothing radius θ , the projected CGF
f galaxies and matter is given by a line-of-sight integral analogous
o equation ( 11 ). 

ϕθ ( λm 

, λg ) 

≈
∫ 

d χ lim 

L →∞ 

ϕcy ,χθ,L 

(
Lwm 

( χ ) λm 

, Lwm 

( χ ) λg , η0 − χ/c
)

L 

, (19) 

here ϕcy ,χθ,L ( ·, ·, η) is now the joint CGF of matter and galaxy
ensity contrast in cylinders of radius χθ and length L at time η.
o compute the conditional mean 〈 δg | δm 

〉 from the conditional CDF
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quation ( 18 ) we only need its first derivative at the origin 

∂ ϕθ ( λm 

, λg ) 

∂ λg 

∣∣∣∣
λg = 0 

≈
∫ 

d χ wm 

( χ ) lim 

L →∞ 

∂ g ϕcy ,χθ,L ( Lwm 

( χ ) λm 

, 0 , η0 − χ/c) , (20) 

here ∂ g ϕcy ,χθ,L is the partial derivative of ϕcy ,χθ,L w.r.t. its second 
rgument. This derivative can be calculated along the lines of O. 
riedrich et al. ( 2022 ). These results described in Section 2.4 can be
ummarized as follows: Compute the minimum of the action of the 
unctional integral featuring linear and non-linear densities 

 δ∗, j ∗} = argmin 
δ,j 

sλm 
( δ, j ) , (21) 

here sλ will be defined in equation ( 57 ). Then any given Lagrangian- 
tyle bias model fL ( δ∗) for the derivative of the CGF, which we need
n equation ( 20 ), is given by 

 g ϕcy ,χθ,L ( λm 

, 0) ≈ (1 + F ( δ∗)
)
fL ( δ

∗) − 1 . (22) 

. Friedrich et al. ( 2022 ) have demonstrated that the quadratic
unction 

L ( δ
∗) = 1 + bL 

1 δ
∗ + bL 

2 

2 
( δ∗)2 , (23) 

an be thought of as a second-order Lagrangian bias expansion for
 g ϕcy ,χθ,L ( λm 

, 0) and hence for 〈 δg | δm 

〉 . The coefficients bL 
1 and

L 
2 are then the linear and quadratic Lagrangian bias parameters. 
hile the zero mean for 〈 δg | δm 

〉 has to be ensured manually in
he Eulerian model, it is automatic in the CGF evaluation since 
he Lagrangian-to-Eulerian mapping is built into our path integral 
ormulation. As expected the fitted values of the quadratic Eulerian 
nd Lagrangian bias parameters are roughly related by bE 

1 ≈ 1 + bL 
1 

nd bE 
2 ≈ ν−1 

ν
bL 

1 + bL 
2 with the collapse index ν = 21 / 13. 

Following results for spectroscopic tracers presented in B. M. 
ould et al. ( 2025 ), it might be beneficial to adopt a Gaussian
agrangian bias description (first described in J. Stücker et al. 2025a ,
 ) 

L ( δ
∗) =

exp 
[ 
− ( bG 

1 )
2 

2 bG 
2 

] 
√ 

1 + bG 
2 σ

2 
m 

exp 

⎡ ⎢ ⎣ 

bG 
2 

(
bG 

1 
bG 

2 
+ δ∗

)2 

2(1 + bG 
2 σ

2 
m 

) 

⎤ ⎥ ⎦ 

, (24) 

here the renormalized Gaussian Lagrangian bias parameters bG 
n are 

xpected to be close to scale-independent. We find that bL 
1 ≈ ˜ bG 

1 

nd bL 
2 ≈ ( ˜ bG 

1 )
2 + ˜ bG 

2 , where ˜ bG 

n = bG 

n / (1 + bG 

2 σ
2 
m 

) are the scale- 
ependent parameters. 
Fig. 3 compares the residuals between the fitted and measured 

 δg | δm 

〉 , and shows that the quadratic Eulerian and Lagrangian bias
xpansions yield similar results at the 0.2 per cent level, while the
aussian Lagrangian bias model provides further improved accuracy. 

.2 Galaxy stochasticity (shot-noise) 

ollowing the previous subsection, this means that we have to 
alculate equation ( 15 ) where the conditional PDF p( Ng | δm 

) encodes
he shot-noise or stochasticity of galaxies around the expectation 
alue (equation 14 ). 

It is often assumed that this shot-noise is Poissonian (e.g. G. 
fstathiou 1995 ; L. Clerkin et al. 2017 ; A. I. Salvador et al. 2019 ;
. Repp & I. Szapudi 2020 ). However, both in simulated and in
bservational data, it has been found that this assumption is not 
ccurate (e.g. N. Hamaus, U. Seljak & V. Desjacques 2011 ; O.
riedrich et al. 2018 , 2022 ; D. Gruen et al. 2018 ). So we instead
dopt the approach of O. Friedrich et al. ( 2018 ) and D. Gruen et al.
 2018 ), who proposed the following generalization of the Poisson
istribution: 

α( Ng | δm 

) = N exp 

{
Ng 

α
ln 

[
N̄g 

α

]
− ln �

[
Ng 

α
+ 1

]
− N̄g 

α

}
, 

(25) 

here we use shorthand notation Ng = Ng ( δm 

) = N̄g (1 + 〈 δg | δm 

〉 )
nd α = α( δm 

). Here � is the Gamma Function and N is a
ormalization constant that is very closely approximated by 1 /α, and
parametrizes deviation from the Poisson distribution with α = 1 

epresenting the Poisson case. In O. Friedrich et al. ( 2018 , 2022 ) and
. Britt et al. ( 2024 ) it was shown that α needs to be a function of

he underlying matter density contrast in order to accurately capture 
he shot-noise behaviour of simulated galaxies. Here, we are using a
uadratic ansatz 

〈 N2 
g | δm 

〉c 
〈 Ng | δm 

〉 = α( δm 

) = α0 + α1 δm 

+ α2 δ
2 
m 

, (26) 

hich proved effective for haloes and Halo Occupation Distribution 
HOD) mock galaxies in both photometric and spectroscopic settings 
O. Friedrich et al. 2022 ; D. Britt et al. 2024 ; B. M. Gould et al.
025 ). Fitting the corresponding parameters leads to an agreement 
t the percent level, as shown in the lower panel of Fig. 3 with the
alues stated in Table 1 . 
MNRAS 545, 1–17 (2026)
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.3 Galaxy shape noise 

alaxy surveys do not provide direct access to the weak lensing con-
ergence κ , but instead the shear components of individual galaxies.
s galaxies have intrinsic shapes, the observed weak lensing signal is
 combination of the cosmic shear and the intrinsic galaxy ellipticity.
ssuming that the intrinsic ellipticity is independent of the cosmic

hear signal, the total weak lensing convergence is a sum of two
ndependent variables and its PDF is hence a convolution of the
ndividual distributions. 

noisy ( κ) = ( pSN � p)( κ) . (27) 

his property extends straightforwardly to the joint PDF p( Ng , κ),
s the galaxy count Ng is unaffected by shape noise. The amount of
oise coming from the intrinsic shapes is controlled by the source
umber density and the size of the aperture. Often, the shape noise
an be regarded as a Gaussian of variance σ 2 

SN 

SN ( κSN ) = 1 √ 

2 πσ 2 
SN 

exp 

(
− κ2 

SN 

2 σ 2 
SN 

)
, σ 2 

SN =
σ 2 

ε

n̄s �θ

, (28) 

ith n̄s the source galaxy number density, σ 2 
ε the intrinsic ellipticity

oise, and �θ the solid angle. For Gaussian shape noise, its effect can
e incorporated by adding the shape noise variance to the intrinsic
ariance of κ in the joint CGF of δm 

and κ , which is the approach taken
ere. By performing random rotations of galaxy shapes, the shape
oise can be isolated and its variance (or full one-point PDF pSN )
ntering in equation ( 27 ) can be measured. The inclusion of further
eak lensing systematics relating to the convergence reconstruction

rom a masked shear field, multiplicative shear bias, baryonic effects,
nd intrinsic alignments is discussed in A. Barthelemy et al. ( 2024 )
nd will be validated against simulations in upcoming work. 

This completes our model for the joint PDF p( Ng , κ) and we
ow turn to practical considerations for evaluating this model. In
he next two subsections we detail the formulas implemented in the
OSMOMENTUM code. Readers may feel free to skip those and proceed
ith the model validation in Section ( 3 ). 

.4 The CGF of density contrast in long cylinders 

o simplify the notation, we will suppress the time dependence of
ll quantities in this subsection. E.g. instead of ϕcy ,R,L ( λ, η) we will
nly write ϕcy ,R,L ( λ). The time dependence of the final result will be
vident from the derivation and we will explicitly highlight it at the
nd of the subsection. 

Furthermore, this subsection assumes general non-Gaussian initial
onditions for the density contrast field δ( ·) . This helps to keep
ur presentation applicable to scenarios involving primordial non-
aussianity, but it also makes the functional formalism we employ
ore transparent. A streamlined formulation for purely Gaussian

nitial conditions exists (P. Valageas 2002a ), but it would e.g. require
s to define ‘inverse two-point functions’ in a functional sense, which
e prefer to avoid. We however do make it explicit at the end of
ection 2.5 how the final result of the following calculations changes
or purely Gaussian initial fields. 

.4.1 The reduced CGF in the quasi-linear limit 

et δR,L be the three-dimensional matter density contrast averaged
ver a cylindrical aperture of radius R and length L . The CGF
NRAS 545, 1–17 (2026)
cy ,R,L ( λ) of δR,L is then defined through 

cy ,R,L ( λ) =
∑ 

n ≥2 

〈 δn 
R,L 〉c 
n ! 

λn . (29) 

o devise a theoretical model for this CGF, it is useful to consider it
s being constructed from two quantities: (i) the variance of density
uctuations σ 2 

R,L ≡ 〈 δ2 
R,L 〉c and (ii) the so-called reduced CGF 

˜ cy ,R,L ( λ) ≡
∑ 

n ≥2 

Sn 

n ! 
λn , (30) 

here 

n ≡
〈 δn 

R,L 〉c 
σ

2( n −1) 
R,L 

, (31) 

re the so-called reduced cumulants. The unreduced CGF is then
elated to the two ingredients as 

cy ,R,L ( λ) = ˜ ϕcy ,R,L ( σ
2 
R,L λ) /σ 2 

R,L . (32) 

he reduced cumulants, and correspondingly the reduced CGF
˜ cy ,R,L ( λ) have a well-defined non-zero limit σ 2 

R,L → 0. We follow
. Valageas ( 2002a ) and earlier work e.g. by F. Bernardeau ( 1994 ) in
alling this the quasi-linear limit and we are computing this limit in
he remainder of this subsection. To calculate σ 2 

R,L in equation ( 32 ),
e will be using the revised halofit prescription of R. Takahashi et al.

 2012 ) for the non-linear power spectrum (see R. E. Smith et al. 2003 ,
or the original halofit). 

.4.2 Functional integral for the reduced CGF 

he reduced CGF defined in equation ( 30 ) can also be expressed
hrough the following expectation value (cf. equation 10 ), 

˜ ϕcy ,R,L ( σ 2 
R,L 

λ) /σ 2 
R,L = 〈 eλδR,L 〉 

⇒ e
˜ ϕcy ,R,L ( λ) /σ 2 

R,L = 〈 eλδR,L /σ
2 
R,L 〉 . (33) 

t any given point in space, δR,L is uniquely determined by the
onfiguration of the initial cosmic density field, or equivalently:
y today’s linear density contrast δlin (x ). Hence, in the spirit of P.
alageas ( 2002a ) and following the notation shown in O. Friedrich
t al. ( 2020 ), who performed similar calculations for a spherical
perture, we can write the above expectation value as a functional
ntegral over all possible configurations of δlin , 

˜ ϕcy ,R,L ( λ) /σ 2 
R,L = 

∫ 
Dδlin P[ δlin ] exp 

(
λδR,L [ δlin ] 

σ 2 
R,L 

)
. (34) 

ere P[ δlin ] is the probability distribution functional of the linear
ensity contrast field and the non-linear density contrast δR,L has
een expressed as a functional of δlin . Note again that we dropped the
ime dependence from our notation–this dependence is solely carried
y the functional δR,L [ ·] = δR,L [ ·, η] since δlin is always considered
t η0 . 

For Gaussian initial conditions, the probability density functional
[ δlin ] is a Gaussian functional that is completely determined by the

inear power spectrum Plin ( k) (cf. P. Valageas 2002a ). For general
on-Gaussian initial conditions we instead follow O. Friedrich et al.
 2020 ) and express P[ δlin ] through the linear cumulant generating
unctional 

 [ Jlin ] =
∞ ∑ 

n = 1 

1 

n ! 

∫ n ∏ 

i= 1 

d3 xi Jlin ( xi ) ξlin ,n ( x1 , . . . , xn ) . (35) 

ere ξlin ,n are the connected n -point correlation functions of the
inear density field (see e.g. F. Bernardeau et al. 2002 , for a definition
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f connected n-point correlators). Using the fact that P and � are
elated through a functional Laplace transform, we can now express 
˜ cy ,R,L as 

˜ ϕcy ,R,L ( λ) /σ 2 
R,L = 

1 

N 

∫ 
D δlin D Jlin 

exp 

(
λδR,L [ δlin ] 

σ 2 
R,L 

− iJlin · δlin + � [ iJlin ]

)
. (36) 

he linear cumulant generating functional � [ Jlin ] encodes the initial 
onditions of the density field. For Gaussian initial fluctuations, it 
s solely determined by the linear two-point correlation function. In 
he present paper, we restrict ourselves to this Gaussian case, but we
evertheless continue with the notation of O. Friedrich et al. ( 2020 )
ecause it streamlines some of the derivations and because we intend 
o investigate primordial non-Gaussianity in a follow-up paper. 

The normalization constant N on the right-hand side of equation 
 36 ) is given by | 2 π1J | , i.e. the determinant of 2 π times the unit
perator in the space of Jlin . This is formally infinite but as for O.
riedrich et al. ( 2020 ), the normalization will eventually drop in our
alculations. Note furthermore that we have used the abbreviation 

lin · δlin ≡
∫ 

d3 x Jlin ( x ) δlin ( x ) . (37) 

.4.3 Identifying a large-deviation parameter 

e would like to evaluate equation ( 36 ) by means of a saddle-point
pproximation (also known as Laplace’s method). This means that 
e would like to re-express the equation as 

e
˜ ϕcy ,R,L ( λ) /σ 2 

R,L ∝ ∫ 
D δlin D ˜ Jlin exp 

{
− 1 

x 
˜ Sλ[ δlin , ˜ Jlin ]

}
, (38) 

here we have anticipated a re-definition Jlin → ˜ Jlin and where 
 is a small parameter such that the action ˜ Sλ[ δlin , ˜ Jlin ] becomes 
ndependent of x in the limit x → 0. We call x the large-deviation or
riving parameter (F. Bernardeau & P. Reimberg 2016 ) and for small
, a good approximation of the reduced CGF would be given by 

˜ cy ,R,L ( λ) ≈ −σ 2 
R,L 

x 
˜ Sλ

[
δ∗

lin ,
˜ J ∗
lin 

]
, (39) 

here δ∗
lin and ˜ J ∗

lin are the configurations of the fields δlin and ˜ Jlin that 
inimize ˜ Sλ (the saddle-point configurations). 
As a first step, let us rewrite equation ( 36 ) as 

˜ ϕcy ,R,L ( λ) /σ 2 
R,L = 1 

N 

∫ 
D δlin D Jlin e

−Sλ[ δlin ,Jlin ] , (40) 

ith the intermediate action 

λ[ δlin , Jlin ] ≡ −λδR,L [ δlin ] 

σ 2 
R,L 

+ iJlin · δlin − � [ iJlin ] . (41) 

n obvious candidate for the large-deviation parameter is x = σ 2 
R,L . 

ut the last term on the right-hand side of equation ( 41 ) does not
ecome independent of σ 2 

R,L in the limit of σ 2 
R,L → 0. In that limit,

2 
R,L is approximately proportional to σ 2 

8 (standard deviation of linear 
ensity contrast in spheres of 8Mpc h−1 , which is commonly used to
arametrize the amplitude of the linear power spectrum) and the n th-
rder correlation functions appearing in the definition of � [ Jlin ] are
roportional to σ 2( n −1) 

8 (cf. F. Bernardeau et al. 2002 , and references 
herein). Given any particular configuration of Jlin , a quantity that is
ndependent of σ8 (again, in the limit of σ 2 → 0) is 

˜ 
 [ Jlin ] ≡ σ 2 

R,L � [ Jlin /σ
2 
R,L ] . (42) 
sing this definition, Sλ turns into 

λ[ δlin , Jlin ] = −λδR,L [ δlin ] 

σ 2 
R,L 

+ iJlin · δlin −
˜ � [ iσ 2 

R,L Jlin ] 

σ 2 
R,L 

≡ 1 

σ 2 
R,L 

[−λδR,L [ δlin ] + i ˜ Jlin · δlin − ˜ � [ i ˜ Jlin ]
]

. (43) 

equation ( 36 ) hence becomes 

˜ ϕcy ,R,L ( λ) /σ 2 
R,L = 1 ˜ N 

∫ 
D δlin D ˜ Jlin exp 

{
− 1 

σ 2 
R,L 

˜ Sλ[ δlin , ˜ Jlin ]

}
, 

(44) 

ith a new action 

˜ 
λ[ δlin , ˜ Jlin ] ≡ −λδR,L [ δlin ] + i ˜ Jlin · δlin − ˜ � [ i ˜ Jlin ] , (45) 

nd a new normalization constant ˜ N = | 2 πσ 2 
R,L 1J | , which is again

ormally infinite. Now we are in a position to apply Laplace’s method
nd derive the approximation 

˜ ϕcy ,R,L ( λ) /σ 2 
R,L ≈ 1 

A1 / 2 exp 
{− ˜ Sλ[ δ∗

lin ,
˜ J ∗
lin ] /σ

2 
R,L 

}
. (46) 

ere A is the determinant of the Hessian matrix of the functional
˜ 
λ (when considered as a matrix in the combined space of δlin 

nd ˜ Jlin ) evaluated at the saddle-point configurations δ∗
lin and ˜ J ∗

lin 

hat minimize the action ˜ Sλ. Note that the normalization ˜ N has 
ow been cancelled by what is formally an infinite number of
actors of 2 πσ 2 

R,L resulting from the infinite dimensional saddle- 
oint approximation. The reduced CGF of matter density contrast 
veraged in the cylindrical aperture is then given by 

˜ cy ,R,L ( λ) ≈ − ˜ Sλ[ δ∗
lin ,

˜ J ∗
lin ] −

σ 2 
R,L 

2 
ln A [ δ∗

lin ,
˜ J ∗
lin ] . (47) 

There are two ways to use this approximation. Restricting to the
rst term on the right-hand side of equation ( 47 ) and computing
2 
R,L at the leading-order (tree-level) in perturbation theory in the 
efinitions of ˜ Sλ and ˜ � yields the corresponding reduced CGF at 
ree-level in perturbation theory (P. Valageas 2002a , b ). This means
hat the resulting reduced CGF will be equivalent to 

˜ cy ,R,L ( λ) ≡
∑ 

n ≥2 

S tree 
n 

n ! 
λn , (48) 

here all reduced cumulants are evaluated at tree-level in standard 
erturbation theory. This is the approach we take, and we demonstrate 
n Section 3 that it yields accurate predictions for the PDF p( δg , κ)
n the scales we consider. 
Another approach would be to use both terms in equation ( 47 ) and

o compute σ 2 
R,L at the next-to-leading order in perturbation theory 

the one-loop order) in the definitions of ˜ Sλ and ˜ � . This would yield 
he reduced CGF at the one-loop order in standard perturbation theory
P. Valageas 2002b ). That would require us to evaluate the functional
eterminant A [ δ∗

lin ,
˜ J ∗
lin ] which is both numerically and analytically 

xpensive. M. M. Ivanov et al. ( 2019 ) have demonstrated how to
valuate a determinant analogous to A in a direct calculation of the
DF of matter density fluctuations in 3D spheres. Unfortunately, 

heir results do not directly carry over to our situation, since we need
he CGF (and we need it in cylindrical filters) in order to perform the
ine-of-sight projection of equation ( 11 ). 

.4.4 Minimizing the action ˜ Sλ

e continue to follow the notation of O. Friedrich et al. ( 2020 ) and
enote functional derivation of a functional F w.r.t. the function f as
MNRAS 545, 1–17 (2026)
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 F /d f ( x ). To minimize the action defined in equation ( 45 ) we need
o find configurations δ∗

lin and ˜ J ∗
lin such that 

d ̃  Sλ

d δlin ( x ) 

∣∣∣∣
δ∗

lin ,
˜ J ∗
lin 

= 0 = d ̃  Sλ

d ̃  Jlin ( x ) 

∣∣∣∣
δ∗

lin ,
˜ J ∗
lin 

(49) 

⇒ i ˜ J ∗
lin ( x ) = λ

d δR,L 

d δlin ( x ) 

∣∣∣
δ∗

lin 

, (50) 

∗
lin ( x ) = 

d ̃ � 

d ̃ Jlin ( x ) 

∣∣∣
i ˜ J ∗

lin 

. (51) 

or long cylinders (i.e. L 
 R, which is the relevant limit in
quation 11 ) one can argue in analogy to P. Valageas ( 2002a )
nd O. Friedrich et al. ( 2020 ) that the saddle-point configura-
ions δ∗

lin and ˜ J ∗
lin will be cylindrically symmetric. On the space

f cylindrically symmetric configurations the functional δR,L [ δlin ]
s completely determined through cylindrical collapse. Especially
e have 

R,L [ δlin ] = F ( δlin ,Rlin ) , (52) 

here the function F ( δlin ,Rlin ) describes the cylindrically collapsed
ensity fluctuation at radius R that corresponds to a linear density
uctuation δlin ,Rlin at the initial, linear radius 

lin = R (1 + δR,L [ δlin ])1 / 2 . (53) 

he differential equation determining this function F is given in
ppendix A . Note that so far the only changes w.r.t. O. Friedrich

t al. ( 2020 ) are the fact that 1 + δR,L appears with an exponent of 1 / 2
n equation ( 53 ) (as opposed to 1 / 3 for the spherical aperture), that
 describes cylindrical collapse (as opposed to spherical collapse)

nd that in the previous subsection we specifically factored out the
arge-deviation parameter σ 2 

R,L . Hence, by following the derivations
f O. Friedrich et al. ( 2020 ) together with these modifications, one
rrives at 

d δR,L 

d δlin ( x ) 

∣∣∣∣
δ∗

lin 

= λ
F ′ ( δ∗

lin ,Rlin 
) WRlin ,L ( x ) 

1 − F ′ ( δ∗
lin ,Rlin 

)
d δ∗

lin ,R′ 
d R′ 

∣∣∣
Rlin 

R2 

2 Rlin 

= : Aλ[ δ∗
lin ] WRlin ,L ( x ) (54) 

⇒ i ˜ J ∗
lin ( x ) = Aλ[ δ∗

lin ] WRlin ,L ( x ) , (55) 

here WR,L ( x ) is the top-hat filter corresponding to averaging over
ylinders of radius R and length L . Using equation ( 55 ) one can then
how (again in complete analogy to the derivations of O. Friedrich
t al. 2020 , for the spherical case) that the action of the functional
ntegral at its minimum is given by 

˜ 
λ[ δ∗

lin ,
˜ J ∗
lin ] = −λF ( δ∗

lin ,Rlin 
) + Aλ δ∗

lin ,Rlin 

σ 2 
R,L ϕlin ,Rlin ,L 

(
Aλ

σ 2 
R,L 

)
, (56) 

here ϕlin ,Rlin ,L is the CGF of the linear density field, when averaged
n cylinders of radius Rlin and length L . As for the spherical case,
his is in fact equal to the minimum of the two-dimensional function 

λ( δ, j ) = −λF ( δ) + jδ

σ 2 
R,L ϕlin ,R (1 + F( δ))1 / 2 ,L 

(
j 

σ 2 
R,L 

)
, (57) 

ince the location of this minimum is given by the equations 

∗ = F ′ ( δ∗)

( 

λ + σ 2 
R,L 

d ϕlin ,R′ ,L 

d R′ 

(
j ∗

σ 2 
R,L 

)∣∣∣∣
R′ = Rlin 

R2 

2 Rlin 

) 

, (58) 
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∗ = σ 2 
R,L 

d ϕlin ,Rlin ,L ( j ) 

d j 

∣∣∣∣
j= ( j∗

σ2 
R,L 

) 

, (59) 

hich have the solutions 

∗ = δ∗
lin ,Rlin 

, j ∗ = Aλ[ δ∗
lin ] . (60) 

ote that section 4.6 of O. Friedrich et al. ( 2020 ) spells out in detail
ow the above calculations can be performed in practice (modulo the
ifferences between their and our situation mentioned before). We
lso give a brief outline of this in our Section 2.5 . 

.5 Practical evaluation of the CGF and its line-of-sight 
rojection 

et ϕcy ,R,L ( λ) again be the CGF of matter density contrast smoothed
ver a cylindrical aperture of radius R and length L , i.e. 

cy ,R,L ( λ) =
∞ ∑ 

n = 2 

〈 ( δcy ,R,L )
n 〉c λ

n 

n ! 
. (61) 

o evaluate the Limber-type approximation of equation ( 11 ), we need
o compute limits such as 

lim 

L →∞ 

ϕcy ,χθ,L ( w ( χ ) Lλ, w) 

L 

. (62) 

his can be considered the equivalent of the Limber approximation
D. N. Limber 1953 ) in two-point statistics for the CGF. To evaluate
he above limit, let us recall how the cylindrical CGF is calculated.
or long cylinders we consider the function 

λ( δ, j ) = −λF2D ( δ) + δj − ϕlin ,R
√ 

1 + F2D ( δ) ,L ( j ) , (63) 

here ϕlin ,R
√ 

1 + F2D ( δ) ,L is the CGF of the linear density contrast
veraged over cylinders of length L and radius R

√ 

1 + F2D ( δ) and
here F2D ( δ) is the density contrast resulting from a linear density

ontrast δ through cylindrical collapse (cf. Appendix A ; also, note
hat we suppress time dependence here and in the following for

ore concise notation). We then approximate ϕcy ,R,L by evaluating
sλ( δ∗, j ∗), where ( δ∗, j ∗) is the minimum of sλ. This amounts to

olving the equations 

∗ = λF ′ 
2D ( δ

∗) + d ϕlin ,R′ ,L ( j∗) 
d R′ 

∣∣∣
R′ = Rlin 

R2 

2 Rlin 
F ′ 

2D ( δ
∗) , (64) 

∗ = 

d ϕlin ,Rlin ,L ( j ) 

d j 

∣∣∣
j = j∗ , (65) 

lin = R
√ 

1 + F2D ( δ) . (66) 

n practice, it is easier to start with a given value of δ∗ and then
nd the corresponding values of j ∗ and λ. For small primordial
on-Gaussianity we can approximate 

lin ,Rlin ,L ( j ) ≈ 〈 δ2 
lin ,Rlin ,L 

〉 
2 

j 2 + 〈 δ3 
lin ,Rlin ,L 

〉 
6 

j 3 , (67) 

d ϕlin ,Rlin ,L ( j ) 

d j 
≈ 〈 δ2 

lin ,Rlin ,L 
〉 j + 〈 δ3 

lin ,Rlin ,L 
〉 

2 
j 2 . (68) 

⇒ j ∗ ≈ 〈 δ2 
lin ,Rlin ,L 

〉 
〈 δ3 

lin ,Rlin ,L 
〉 

( 

1 ±
√ 

1 + 2 δ∗ 〈 δ3 
lin ,Rlin ,L 

〉 
〈 δ2 

lin ,Rlin ,L 
〉2 

) 

, (69) 

≈ j ∗

F ′ 
2D ( δ∗) 

− d ϕlin ,R′ ,L ( j ∗) 

d R′ 

∣∣∣∣
R′ = R

R2 

2 Rlin 
. (70) 
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owever, instead of the above equation we need to solve expressions
ike 

˜ ϕcy ,R ( λ) ≡ lim 

L →∞ 

ϕcy ,R,L ( Lλ) 

L 

≈ − lim 

L →∞ 

min 
δ,j 

1 

L 

sLλ( δ, j ) 

= − lim 

L →∞ 

min 
δ,j 

1 

L 

sLλ( δ, Lj ) 

= − lim 

L →∞ 

min 
δ,j 

(
−λF2D ( δ) + δj − 1 

L 

ϕlin ,R
√ 

1 + F2D ( δ) ,L ( Lj )

)
, 

(71) 

n the limit L 
 R′ we have 

 δ2 
lin ,R′ ,L 〉 ∼

1 

L 

, 〈 δ3 
lin ,R′ ,L 〉 ∼ 1 

L2 , (72) 

⇒ ϕlin ,R′ ,L ( Lj ) ∼ L . (73) 

ence, there is a well-defined limit 

˜ lin ,R′ ( j ) ≡ lim L →∞ 

1 
L 
ϕlin ,R′ ,L ( Lj ) , (74) 

nd the cylindrical CGF becomes 

˜ ϕcy ,R ( λ) ≡ lim 

L →∞ 

ϕcy ,R,L ( Lλ) 

L 

≈ min 
δ,j 

(
λF2D ( δ) − δj + ˜ ϕlin ,R

√ 

1 + F2D ( δ) ( j )
)

. (75) 

n practice, this minimization can be carried out by first fixing a value
f δ∗, then defining 

lin , 3 , ∞ 

≡ lim L →∞ 

〈 δ3 
lin ,Rlin ,L 

〉 
〈 δ2 

lin ,Rlin ,L 
〉2 , (76) 

lin , 3 , ∞ 

≡ lim L →∞ 

1 
L 

〈 δ2 
lin ,Rlin ,L 

〉 
〈 δ3 

lin ,Rlin ,L 
〉 , (77) 

nd then solving 

∗ = Elin , 3 , ∞ 

(
1 ±√ 

1 + 2 δ∗Slin , 3 , ∞ 

)
, (78) 

≈ j ∗

F ′ 
2D ( δ∗) 

− d ˜ ϕlin ,R′ ( j ∗) 

d R′ 

∣∣∣∣
R′ = Rlin 

R2 

2 Rlin 
. (79) 

he Limber approximation for the CGF then becomes 

χ,θ ( λ) ≈
∫ 

d w ˜ ϕcy ,χθ ( w( χ ) λ, χ ) . (80) 

f we consider two different projections of the density field with 
rojection kernels w1 ( χ ) and w2 ( χ ), and if both of these projected
elds are smoothed by the same angular scale θ , then their joint CGF

s similarly approximated by 

w1 ,w2 ,θ ( λ1 , λ2 ) ≈
∫ 

d χ ˜ ϕcy ,χθ ( [ w1 ( χ ) λ1 + w2 ( χ ) λ2 ] , χ ) . (81) 

.6 Practical evaluation of inverse Laplace transformations 

n order to successfully employ FFT, the evaluation of ϕθ ( i λδ, i λκ )
ust be carried out on a grid of imaginary values iλδ and iλκ , which

equires a complex continuation of ϕθ ( i λδ, i λκ ). In practice, we do
his through a complex continuation of the integrand in equation 
 81 ). This is more straightforward, because at each integration step

the function ˜ ϕcy ,χθ ( · , χ ) is only a CGF of one variable, as both
he galaxy density and weak lensing convergence are predicted from 

he underlying matter density. 
To continue such a one-dimensional CGF to the complex λ-plane, 

ne might e.g. try to approximate ˜ ϕcy ,χθ ( λ , χ ) with a finite power
eries in λ . But this is numerically unstable, since typical large-
cale structure CGFs display a branch cut in the complex λ plane
F. Bernardeau & P. Valageas 2000 ; P. Valageas 2002a ; O. Friedrich
t al. 2020 ). To avoid this instability, we follow the steps described
y O. Friedrich et al. ( 2020 ): 

(1) Define the auxilliary variable 

( λ) : = sign ( λ) ·
√ 

2( λ ˜ ϕ′ 
cy ,χθ ( λ) − ˜ ϕcy ,χθ ( λ)) . (82) 

n 3D spherical collapse in an EdS Universe the CGF remains
nalytic in this variable, thus making it numerically more stable 
o fit a polynomial in τ to the CGF and its derivatives instead of
tting a polynomial in λ (F. Bernardeau 1994 ; P. Valageas 2002a ;
. Bernardeau et al. 2014 ). And it has been found that applying
n analogous, effective, definition of τ in 2D collapse retains 
hat numerical robustness (F. Bernardeau & P. Valageas 2000 ; O.
riedrich et al. 2018 ). 
(2) Fit a polynomial of finite order N in τ to 

 ( τ ) ≡ ϕ′ 
cy ,χθ ( λ( τ )) , (83) 

here ′ denotes derivative w.r.t. λ . 
(3) To perform the inverse Laplace transform in equation ( 12 )

and thus to compute the PDF from the CGF) we need to evaluate
he CGF of equation ( 81 ) for complex arguments. At the same time,
t can be shown that for any given λ the above definition of τ is–
y construction, cf. F. Bernardeau ( 1994 ); P. Valageas ( 2002a ) –
quivalent to 

( λ) = argmax 
τ

(
λF ( τ ) − τ 2 

2 

)
. (84) 

uch a maximization problem can be solved easily – even for 
omplex λ – with our polynomial approximation to F . The CGF itself
an then be computed (cf. again F. Bernardeau 1994 ; F. Bernardeau
 P. Valageas 2000 ; P. Valageas 2002a ) as 

˜ cy ,χθ ( λ) = λF ( τ ) − τ 2 

2 
(85) 

= max 
τ

(
λF ( τ ) − τ 2 

2 

)
. (86) 

In practice we find that the above procedure is well converged for
 polynomial degree of N = 7, and this is what is hardcoded in the
OSMOMENTUM package. 

 M O D E L  VA LI DATI ON  WI TH  M O C K  DATA  

.1 N -body simulations by R. Takahashi et al. ( 2017 ) and 

OD-approach for mock galaxy sample 

e use the publicly available cosmological simulation data from 

ef. R. Takahashi et al. ( 2017 ) (hereafter referred to as the T17
imulations) to test our theoretical model for the joint PDF. 2 In our
ork, we use the full-sky light-cone halo catalogues and cosmic 

hear lensing maps of the simulation suite. The simulation data 
roducts were obtained from a gravity-only N -body simulation 
n a Lambda cold dark matter ( � CDM) cosmology with the
ollowing parameters: �cdm 

= 0 . 233 , �b = 0 . 046 , �m 

= �cdm 

+
b = 0 . 279 , �� 

= 0 . 721 , h = 0 . 7 , σ8 = 0 . 82 and ns = 0 . 97. For
MNRAS 545, 1–17 (2026)

http://cosmo.phys.hirosaki-u.ac.jp/takahasi/allsky_raytracing/
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ll calculations in this paper. we adopt this as our fiducial cos-
ology. Haloes and sub-haloes in the simulation were identified

sing the six-dimensional phase-space friends-of-friends algorithm
OCKSTAR (P. S. Behroozi, R. H. Wechsler & H.-Y. Wu 2013 ).
hese halo catalogues were combined in layers of shells to obtain

ull-sky light-cone halo catalogues. The simulation boxes were
lso ray traced using the multiple-lens plane ray-tracing algorithm
RAYTRIX (T. Hamana et al. 2015 ; M. Shirasaki, T. Hamana
 N. Yoshida 2015 ) to obtain weak lensing convergence maps.
e utilize 108 realizations of these data products, obtained from
ultiple realizations of the T17 simulations all of which come in
ealpix (A. Zonca et al. 2019 ) format using the nside = 4096

esolution. 
As discussed in Refs. R. Takahashi et al. ( 2017 ); M. Shirasaki

t al. ( 2019 ), the T17 maps suffer from systematic effects associated
ith, for example, the thickness of the lens shells that may need to
e incorporated into the theory predictions for fairer comparisons.
n this work, we do not perform these corrections explicitly since, as
e will see below, we find good agreement between simulations and
ur theory predictions. 

.1.1 Simulated weak lensing convergence map 

he T17 simulation suite provides weak lensing maps for N = 38
xed source redshift planes between zs = 0 . 05 and zs = 5 . 3. We
ombine these maps according to a source distribution ns ( z) inspired
y a predicted fourth tomographic bin of the Euclid Year 1 analysis
s explained in Appendix C (see Fig. 2 ). The procedure to do that is
s follows: 

n ( z) =
N ∑ 

i= 1 

si κzi 
s 
, (87) 

here si is a specific weight for a given full-sky lensing map κzi 
s 

at
ource plane zi 

s . This final simulated convergence map can then be
xpressed as a line-of-sight projection of the matter density contrast
hrough equation ( 2 ) with a lensing kernel wns ( z) : 

n ( z) ( z) =
N ∑ 

i= 1 

si wzi 
s 
( z) , (88) 

here wzi 
s 

is given by equation ( 5 ). This is a discretization of equation
 4 ), with the weights given by 

i = �zi 
s 

∫ 1 

0 
dμns 

(
zi−1 
s + μ�zi 

s 

)
. (89) 

he corresponding discretized redshift distribution is shown as the
lue histogram in Fig. 2 . 
For our analysis, we generate convergence maps with and without

hape noise. To mimic Euclid-like shape noise, we add to every
ixel of the final noiseless convergence map Gaussian noise with
ero-mean and variance 

2 
SN =

σ 2 
e 

n̄s · Apix 

, (90) 

here Apix is the area of the pixel at the given NSIDE of the
ealpix map, σe = 0 . 26 is the dispersion of intrinsic galaxy
llipticities as found for weak lensing surveys, and n̄s is the number
ensity of galaxies that we assume to be n̄s = 6arcmin−2 as expected
or the fourth tomographic source redshift bin of Euclid. 
NRAS 545, 1–17 (2026)
.1.2 Mock HOD galaxy catalogues 

eing a gravity-only N -body simulation, the T17 suite does not
ome with galaxy catalogues. We hence use the all-sky mock HOD
ap from Ref. A. Halder et al. ( 2023 ) who populated the T17 halo

atalogues using an empirical HOD method (A. A. Berlind & D. H.
einberg 2002 ; A. Cooray & R. Sheth 2002 ) to mimic the MagLim-

ike third redshift bin of DESY3 (A. Porredon et al. 2022 ). We refer
he reader to A. Halder et al. ( 2023 ) for details about the creation
f the HOD map. The shape of the mock galaxy distribution in the
edshift bin is shown with the red line in Fig. 2 . 

.1.3 Measurements: data vector and covariance matrix 

e measure the joint one-point galaxy and convergence PDF from
ix non-overlapping 5000 deg 2 circular footprints carved from each
ll-sky T17 galaxy/convergence map. Over the 108 T17 realizations,
his results in a total of 648 galaxy and convergence footprints that we
se to obtain our mean data vector and to estimate its covariance. For
ur subsequent Fisher analysis, we use the galaxy density contrast δg 

nstead of the galaxy count Ng . We obtain the galaxy density contrast
aps by computing the mean number density and using equation ( 16 )

n each of the footprints. 
We compute smoothed convergence and galaxy density contrast
aps using a circular top-hat filter with radius of 20arcmin by apply-

ng a window function in spherical harmonic space with a circular
eam profile. For this, we use the healpy.sphtfunc.beam2bl
unction from HEALPIX , 3 with a maximum multipole moment �max =
 ·NSIDE −1. This method is computationally more efficient than
moothing in angular space by querying neighbouring pixels and
veraging over them. This is in particular relevant for the extraction
f overlapping apertures in a high map resolution that reduces
nite sampling errors and thus the covariance (C. Uhlemann et al.
023 ). 
The joint PDF from a single footprint is extracted as 2D histograms

f the smoothed galaxy density contrast and the convergence maps.
he full mean data vector is then obtained as the average over the
stimates from the 648 mock footprints. 

For our Fisher analysis, we rebin the theoretical and simulated
oint PDFs on to a coarser 2D grid with 10 bins along each axis.

e then retain only the region containing 95 per cent of the total
robability, which corresponds to the 2 σ bulk of the probability
istribution where the theoretical predictions are reliable. After
utting the outermost 5 per cent of the probability (i.e. the tails),
e flatten the remaining 2D joint PDF into a 1D array of length
d = 58. 
The data covariance matrix is estimated from the mocks as 

ˆ 
 = 1 

Ns − 1 

Ns ∑ 

i= 1 

( ˆ di − ˆ d )( ˆ di − ˆ d )T , (91) 

here Ns = 648 is the number of mock footprints, ˆ di is the data
ector measured in the ith footprint, and ˆ d the sample mean over the
s realizations. To get an unbiased estimate of the inverse covariance
atrix, we apply the correction (J. Hartlap, P. Simon & P. Schneider

007 ) 

−1 = Ns − Nd − 2 ˆ C−1 . (92) 

https://healpy.readthedocs.io/en/stable/index.html
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.2 Comparison of PDF model and simulations 

n Fig. 1 (a) we show a comparison of the theoretical prediction
contour lines) and the simulation result (colour map) for the joint 
DF of the weak lensing convergence κ and photometric galaxy 
umber count Ng in apertures of 20arcmin. At a redshift of ∼ 0 . 5 this
orresponds to a transverse scale of ∼ 15 Mpc. In O. Friedrich et al.
 2018 ) this has been identified as the lowest scale where the quasi-
inear modelling employed here still accurately captures the shape of 
he matter density PDF (see e.g. their fig. 5). Note that these authors
onsidered statistical uncertainties similar to DES year-1. Since we 
onsider a DES year-5-like scenario, our demanded accuracy should 
e higher than theirs. But our lenses also live at slightly higher
edshifts than theirs, making our situation slightly more linear. And 
ur validation in Section 3.5 indicates that our model is indeed 
ccurate enough for DES year-5-like uncertainties. At the same time, 
e do not consider scales larger than 20 arcmin, because larger 

moothing can only erase beyond-two-point information and thus 
ake the PDF less powerful. 
The theoretical model in Fig. 1 is computed using galaxy bias 

nd stochasticity parameters { bE 
1 , b

E 
2 , α0 , α1 , α2 } obtained from fit-

ing the conditional mean and variance of galaxy counts given 
ark matter density following equations ( 17 ) and ( 26 ) along
ith the measured lens number density n̄3D 

g = 1 . 2 × 10−3 Mpc−3 

orresponding to an angular density of n̄g = 0 . 0834 arcmin−2 . 
ig. 1 (b) illustrates the corresponding residuals in the joint PDF 

nd the corresponding marginals. We find an accuracy at the 
 1 , 2 , 4 , 16 } per cent -level in the central region of the joint PDF
ontaining { 12 , 34 , 68 , 95 } per cent of probability, respectively. 

.3 Response to changing physical parameters 

n Fig. 4 , we demonstrate how the joint PDF of the weak lensing
onvergence and galaxy density contrast responds to changing the 
nderlying parameters. We consider cosmology ( σ8 and �m 

) in the 
op row, Eulerian galaxy bias ( bE 

1 and bE 
2 ) in the middle row, and

on-Poisson galaxy stochasticity ( α0 and α1 ) in the bottom row. 
Increasing the fluctuation amplitude σ8 leads to a simultaneous 

ncrease in the variances of κ and δg through its impact on the matter
ariance, such that the peak is lowered and the flanks are increased.
t the same time, increasing σ8 also makes the late-time density field 
ore non-linear, thus increasing the third moments of the PDF. This

s the reason why the derivative in the uppermost left panel of Fig. 4
as a peak at slightly negative δg and κ . 

In contrast, changing the matter density �m 

increases the 
−variance while slightly decreasing the δg -variance. In the context 
f � CDM and the linear regime, the matter variance is proportional
o the square of the growth factor, D( z). Increasing or decreasing

m 

by 10 per cent changes the linear growth factor only at the
evel of D( z) ∼ ∓2 per cent (see fig. 19 in C. Uhlemann et al.
020 ), and therefore the non-linear variance changes by ∓4 per cent . 
his is what reduces the δg −variance (upon increasing �m 

). But 
he κ−variance is dominated by the weak lensing kernel, which is
irectly proportional to �m 

. 
As expected, changing the galaxy bias parameters only affects 

he δg -direction. Increasing the linear Eulerian bias b1 leads to an 
ncreased δg -variance and thus a decrease of the PDF peak along 
ith an increase in the flanks. In contrast, the quadratic Eulerian bias

2 leads to an antisymmetric signal around the peak. 
Varying the galaxy stochasticity parameters changes the joint PDF 

ainly in the direction perpendicular to the conditional mean 〈 δg | κ〉 ,
hich is largely determined by the scatter around the conditional 
ean 〈 ( δg − 〈 δg | δm 

〉 )2 | δm 

〉 . Increasing the non-Poissonian amplitude
0 spreads the joint PDF in a direction perpendicular to the condi-

ional mean. In contrast, increasing the linear density-dependence 
f the stochasticity, α1 , leads to an antisymmetric signal around 
he diagonal direction. Changing the quadratic term, α2 , leads to a
ymmetric signature with an additional zero-crossing (not shown). 

.4 Cosmological power of the joint PDF compared to 
 ×2-point 

o get a qualitative sense of the constraining power of the joint PDF
( δg , κ) we perform a Fisher forecast. This means that we derive the
idth of the parameter constraints that an analysis of p( δg , κ) would
ield if its statistical uncertainties were Gaussian with a parameter- 
ndependent covariance matrix and if the shape of p( δg , κ) depended
nly linearly on the parameters ( �m 

, σ8 , b1 , b2 , α0 , α1 , α2 ). 
The solid blue contours in Fig. 6 show the 1 σ and 2 σ constraints

redicted for an analysis of the pdf bulk (i.e. when cutting away the
utermost 5 per cent at the flanks of p( δg , κ)). The covariance matrix
ssumed for this forecast is the one estimated from the simulated data
escribed in Section 3.1 . Note that even though we use 5 parameters
o describe the relation between galaxies and matter (cf. Section 2.1
nd Section 2.2 ), such a PDF analysis can still yield meaningful
onstraints on the cosmological parameters �m 

and σ8 . This is exactly 
he richness offered by analysing the full shape of the joint PDF
( δg , κ). As we had demonstrated in Fig. 4 , changing different model
arameters causes complex and varied signatures in the δg –κ plane 
hat can be easily distinguished from each other. 

For comparison, we also display corresponding constraints for 
 two-point function analysis with the green dashed contours. In 
ractice, we assume a Fisher matrix corresponding to the Year-3 
nalysis of the 3 ×2-point functions in the DES (T. M. C. Abbott
t al. 2022 ) – in particular, we assume the fiducial analysis set-up
hat was considered in O. Friedrich et al. ( 2021b ). Note that while
his 3 ×2-point set-up is more realistic than our PDF set-up in certain
spects, it is less realistic in others. On the one hand, the Fisher
ontours of O. Friedrich et al. ( 2021b ) include marginalization over
 large set of nuisance parameters such as intrinsic source alignment,
hotometric redshift uncertainties and multiplicative shear biases 
though the latter two are constrained by tight priors). Our PDF-
ased forecast does not include these nuisance effects. On the other
and, the DES year-3 fiducial analysis marginalizes over only one 
arameter for the galaxy–matter connection, namely a single linear 
ias parameter for each redshift bin, while our PDF-based analysis 
onstrains a much more nuanced view of this relation with overall
 different parameters. Despite this complex model for the galaxy 
atter connection, our assumed PDF analysis can still measure �m 

nd σ8 with similar uncertainties as the 3 ×2-point analysis. This is
articularly impressive, because we compare to a tomographic 3 ×2- 
oint analysis with five lens redshift bins, four source redshift bins,
nd measurements across 18 different angular scales. In contrast, the 
DF analysis only considers cosmological fields in a single lens and
ource redshift bin combination and is measured only at one angular
cale. 

To understand this surprising (albeit qualitative) comparison, we 
nd it instructive to think of the pair (PDF, two-point functions) as
ollows: 

(i) two-point correlation functions measure the second moment of 
he cosmic density field as a function of scale; 

(ii) The PDF measures (in principle) all moments of the density 
eld at one scale. 
MNRAS 545, 1–17 (2026)
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Figure 4. Colour maps and black contours (positive/negative value as solid/dashed lines) show the derivatives of p( δg , κ) w.r.t. cosmological parameters σ8 
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While the 3 ×2-point functions capture the autocorrelations and
ross-correlations, the joint PDF captures mixed higher order mo-
ents. From results for the matter and weak lensing PDF (C.
hlemann et al. 2023 ), we expect that the cross-covariance between

he joint PDF and the 3 ×2-point data vector will largely stem from
NRAS 545, 1–17 (2026)
he correlation between the two-point functions and the variance of
he PDF. Of course, if we were to perform a combined analysis of the
DF measured at various smoothing scales and for sources and lenses
t different redshift ranges, then the scale- and redshift-dependent
nformation of the two-point function would be completely contained
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ithin the PDF analysis. However, we expect that it will be more
ractical (and at little cost to the overall constraining power) to simply 
erform a combined analysis of the joint PDF at one scale and the
 ×2-point data vector. Due to the complementarity of the contours 
n Fig. 6 , it seems that such a combined analysis would indeed be
ery beneficial, but we leave a full exploration of such combined 
nalyses for future work. 

.5 Robustness of parameter constrains 

hile Fig. 1 indicates that the relative deviation between our PDF 

odel and measurements in simulated data is small, it is not 
mmediately clear which impact these (albeit small) residuals would 
ave on parameter constraints. To obtain an estimate of this effect we
alculate the Fisher bias between the simulated data and our model. 
his means that we consider a linear Taylor expansion of our model
round the fiducial parameters of the simulations and then find the 
arameters for which this linearized models fits the simulated data 
est (see Appendix D for details). 
The orange stars in Fig. 5 show the location of these linearized

est-fitting parameters, and the difference between those and the 
rue parameters of the simulations gives an estimated of how biased 
arameter constraints of DES-like data with our model would be. 
d  
ou can see in the figure, that for �m 

, σ8 , and b1 this bias is
ell within the expected 1 σ uncertainties of such an analysis. In
ig. 6 we also show the Fisher biases for the remaining parameters
2 as well as α0 , α1 , and α2 . One problem that we face here is
hat – in contrast to �m 

and σ8 – we do not a priori know the
rue values for our bias and shot-noise parameters in our simulated
ata. To estimate these parameters, we compare maps our simulated 
alaxy density to maps of simulated matter density. Projected matter 
ensity in the simulations of R. Takahashi et al. ( 2017 ) is available
n concentric shells, and a weighted sum of such shells can only
pproximate the lens redshift distribution that is displayed in Fig. 
 . To account for this, we create a second galaxy sample that has
he same step-like redshift distribution as the stacked matter density 
hells. Comparing density fluctuations between the resulting matter 
ensity and galaxy density maps allows us to directly measure the
onditional expectation value 〈 δg | δm 

〉 and the conditional variance 
ar ( Ng | δm 

). We then fit our bias and shot-noise parameters to these
easured functions to obtain estimates of their true value. We expect

hat this is robust for linear bias b1 , as long at the redshift distribution
f the two density maps roughly matches our target distribution. 
ut, as was e.g. shown in O. Friedrich et al. ( 2018 , 2022 ), the other
arameters of our bias and shot-noise model are very sensitive to
he details of the considered galaxy sample. Thus, the Fisher biases
isplayed in Fig. 6 are likely overestimating the actual bias of a
MNRAS 545, 1–17 (2026)



14 O. Friedrich et al.

M

P (δg, κ) analysis:
θ = 20arcmin (1+1) redshift-bins

DES-like 3×2-point analysis:
18 ang. scales, (4+5) redshift-bins

Fisher Bias, P (δg, κ)

0.
75

0.
90

σ
8

1.
5

2.
0

2.
5

b 1

0.
0

1.
5

b 2

0.
0

1.
5

3.
0

α
0

−5

0

5

α
1

0.
24

0.
32

Ωm

0

4

α
2

0.
75

0.
90

σ8

1.
5

2.
0

2.
5

b1

0.
0

1.
5

b2

0.
0

1.
5

3.
0

α0

−5 0 5

α1

0 4

α2

(can only estimate the true values for b2, α0, α1, α2)

Figure 6. Same as Fig. 5 , but now also showing constraints on quadratic bias b2 and the shot-noise parameters α0 , α1 , and α2 . As explained in Section 3.5 , we 
only have a potentially biased estimate of the true values for these parameters. Hence, the parameter bias indicated by the markers is likely overestimating the 
actual bias of a PDF-analysis for these parameters. 

P  

t  

m

4

I  

j  

a  

t  

a  

q  

d  

n  

 

b  

H  

e  

d  

o  

m  

P  

p  

p  

e
 

σ  

α  

P  

w  

t  

s  

m  

b  

G  

t  

l  

B  

m  

c  

m  

p  

P  

a
 

s  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/545/4/staf2181/8408449 by guest on 08 April 2026
DF-analysis for these parameters. This is also supported by the fact
hat the cosmological parameters are recovered very well, even after

arginalizing over our complete bias and shot-noise model. 

 DISCUSSION  A N D  C O N C L U S I O N S  

n this work, we developed a theoretical framework to model the
oint probability distribution of galaxy clustering number counts
nd the weak lensing convergence. This was done by incorporating
he connection between dark matter and galaxy counts through
n Eulerian galaxy bias, and accounting for stochasticity using a
uadratic shot noise model as a function of the underlying matter
ensity contrast. We also convolve the impact of Gaussian shape
oise into the weak lensing convergence, which enters the joint PDF.
We validate our theoretical prediction for the joint PDF p( Ng , κ)

y comparing it with measurements on convergence maps and
OD catalogues built from the T17 simulation suite R. Takahashi

t al. ( 2017 ). The weak lensing convergence maps have a redshift
istribution resembling the fourth of five equipopulated redshift bins
f a Stage-IV-like survey such as Euclid. The mock HOD catalogues
imic the third redshift bin of the MagLim sample of DES Y3 A.
orredon et al. ( 2022 ). We find good agreement of the order of 5
er cent in the bulk of the joint distribution, within the central 69
NRAS 545, 1–17 (2026)
er cent of probability, and differences up to about 16 per cent at the
dges of the central 95 per cent probability contour. 

A simple Fisher analysis for the cosmological parameters �m 

and
8 , the galaxy bias parameters b1 , b2 , and the shot noise parameters
0 , α1 , α2 demonstrates the strong constraining power of the joint
DF, allowing these parameters to be simultaneously constrained
ith meaningful precision. Compared to a full 3 ×2-point analysis,

he joint PDF using only a single lens and source redshift bin and a
ingle angular smoothing scale yields comparable uncertainties. This
akes the joint PDF a promising tool for cosmological analyses

eyond two-point statistics, enabling efficient extraction of non-
aussian information. Future work will focus on incorporating addi-

ional sources of systematics, such as proper forward modelling of the
ensing convergence reconstruction from the shear components (A.
arthelemy et al. 2024 ; L. Castiblanco et al. ( 2024 ), intrinsic align-
ents, baryonic feedback, and photometric redshift uncertainties. A

omplete analysis will require a tomographic approach that combines
ultiple lens and source redshift bins, which has demonstrated strong

otential for constraining cosmological parameters in a weak lensing
DF analysis (L. Castiblanco et al. 2024 ), as well as in a combined
nalysis with 3 ×2-point statistics. 

While we focused on the weak gravitational lensing of galaxy
hapes here, the formalism can be applied to CMB lensing when
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ncorporating post-Born effects (A. Barthelemy et al. 2020b ) in the 
heoretical model. 
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PPENDIX  A :  C Y L I N D R I C A L  COLLAPSE  IN  

 C D M  

n the Newtonian approximation and geometrized units G = 1 = c

he evolution of cylindrical perturbations δ is described by 

¨ + Hδ̇ − 3 

2 

δ̇2 

1 + δ
= 4 πρ̄m 

a2 δ(1 + δ) , (A1) 

here τ is conformal time, and H = d ln a/ d τ is the conformal
xpansion rate (see O. Friedrich et al. ( 2020 ) for a general expres-
ion following V. Mukhanov ( 2005 ) for the planar and spherical
ases). To evaluate the cylindrical collapse equation ( 52 ) and related
NRAS 545, 1–17 (2026)
xpressions we solve equation ( A1 ) with the initial conditions 

i = δ∗
L,RL 

D( zi ) , δ̇i = δi H( zi ) , (A2) 

here zi is a redshift chosen during matter domination. (In fact, in
ur calculation of D( z) we set the radiation density �r to zero and
hen choose zi = 4000.) 

The blue solid line in Fig. A1 displays the solution to the full non-
inear equation ( A1 ) (in a fiducial � CDM cosmology) as a function
f the corresponding linear solution δL that would be obtained from
he same initial conditions but by ignoring all non-linear terms in the
quation. For comparison, we also display the corresponding solution
or three-dimensional spherical collapse with the dash–dotted orange
ine. Finally, the black dashed and dotted lines show approximations
f the form 

NL = 1 

( 1 − δL /ν) ν
, (A3) 

here ν = 1 . 4 for 2D-collapse and ν = 1 . 6 for 3D-collapse repro-
uce the tree-level skewness of the matter density contrast in an
instein-de-Sitter Universe (F. Bernardeau et al. 2002 ; C. Uhlemann
t al. 2020 ). 

PPENDI X  B:  PRAC TI CAL  EVALUATI ON  O F  

H E  C G F  F O R  GAUSSI AN  I NI TI AL  

O N D I T I O N S  

et us re-express Section 2.5 for purely Gaussian initial conditions.
n particular, we want to minimize the function 

λ( δ, j ) = −λF2D ( δ) + δj − ϕlin ,R
√ 

1 + F2D ( δ) ,L ( j ) , (B1) 

here ϕlin ,R
√ 

1 + F2D ( δ) ,L is the CGF of the linear density contrast
veraged over cylinders of length L and radius R

√ 

1 + F2D ( δ)
nd where F2D ( δ) is the density contrast resulting from a linear
ensity contrast δ through cylindrical collapse (cf. Appendix A ). We
hen approximate the CGF ϕcy ,R,L by evaluating −sλ( δ∗, j ∗), where
 δ∗, j ∗) is the minimum of sλ. In Section 2.5 this amounted to solving
he equations 

∗ = λF ′ 
2D ( δ

∗) + d ϕlin ,R′ ,L ( j∗) 
d R′ 

∣∣∣
R′ = Rlin 

R2 

2 Rlin 
F ′ 

2D ( δ
∗) , (B2) 

∗ = 

d ϕlin ,Rlin ,L ( j ) 

d j 

∣∣∣
j = j∗ , (B3) 
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lin = R
√ 

1 + F2D ( δ∗) . (B4) 

or Gaussian initial conditions we however have 

lin ,R,L ( j ) = σ 2 
lin ,R,L 

j 2 

2 
(B5) 

uch that equation ( B3 ) directly yields 

∗ = δ∗

σ 2 
lin ,Rlin ,L 

⇒ ϕlin ,R,L ( j
∗) = σ 2 

lin ,R,L 

σ 4 
lin ,Rlin ,L 

δ∗2 

2 
. (B6) 

nserting this into equation ( B2 ) then yields a closed equation for δ∗,
.e. 

δ∗

σ 2 
lin ,Rlin ,L 

= λF ′ 
2D ( δ

∗) + d σ 2 
lin ,R′ ,L 
d R′ 

∣∣∣∣
R′ = Rlin 

R2 F ′ 
2D ( δ

∗) δ∗2 

4 Rlin σ
4 
lin ,Rlin ,L 

. (B7) 

he solution δ∗ to this equation is actually the minimum of the 
unction 

λ( δ) = −λF2D ( δ) + δ2 

2 σ 2 
lin ,R

√ 

1 + F2D ( δ) ,L 

. (B8) 

n (numerical) practice, it is again easier to start from an array of
∗ values and then to calculate λ and the non-linear CGF ϕcy ,R,L ( λ) 
rom these values as 

= δ∗

σ 2 
lin ,Rlin ,L 

F ′ 
2D ( δ∗) 

− d σ 2 
lin ,R′ ,L 
d R′ 

∣∣∣∣∣
R′ = Rlin 

R2 δ∗2 

4 Rlin σ
4 
lin ,Rlin ,L 

(B9) 

nd 

cy ,R,L ( λ) = −sλ( δ∗) . (B10) 

o evaluate the Limber-type projection of equation ( 11 ) we again do
ot need ϕcy ,R,L ( λ) but the limit 

˜ ϕcy ,R ( λ) ≡ lim 

L →∞ 

ϕcy ,R,L ( Lλ) 

L 

= − lim 

L →∞ 

min 
δ

1 

L 

sLλ( δ) 

= − lim 

L →∞ 

min 
δ

( 

−λF2D ( δ) + δ2 

2 Lσ 2 
lin ,R

√ 

1 + F2D ( δ) ,L 

) 

. (B11) 

n the limit L 
 R we will again have 

2 
lin ,R,L ∼

1 

L 

, (B12) 

uch that this limit is well defined. 

PPEN D IX  C :  S O U R C E  G A L A X Y  REDSHIFT  

ISTR IBU TION  

e assume a model of the true source galaxy redshift distribution
or Stage-IV survey-like given by L. Fu et al. ( 2008 ) 

true 
s ( z) = A

za + zab 

zb + c 
, (C1) 

ith A = 1 . 7865 arcmin−2 , a = 0 . 4710, b = 5 . 1843, c = 0 . 7259
N. Martinet et al. 2021 ). 
The Author(s) 2026. 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
To account for photometric redshift uncertainties, we assume that 
he probability distribution for the observed photometric redshift 
iven the true galaxy redshift follows a Gaussian distribution (R. 
andelbaum et al. 2018 ), as follows: 

 ( zph | z) = 1 √ 

2 πσ 2 ( z) 
exp 

[
−1 

2 

( z − zph )2 

σ 2 ( z) 

]
, (C2) 

ith σ ( z) = 0 . 05(1 + z). The source distribution in a tomographic
in is then given by 

i ( zph ) =
∫ zmax 

zmin 

d z n ( zph | z) ∗ ni,true 
s ( z) . (C3) 

PPENDI X  D :  M O D E L  B I A S  F RO M  FISHER  

ATRI X  

arameter biases δθ arising from offsets between measured and 
redicted statistics, �S = Smeas − Spred , fid , can be computed using 
he Fisher formalism. We define the Fisher bias as 

θi = ( F−1 
pred )ij 

∂ Spred 
α

∂ θj 

C−1 
αβ �Sβ . (D1) 

his expression is derived by minimizing the χ2 function 

2 ( θ ) = 1 

2 

(
Spred 

α ( θ ) − Smeas 
α

)
C−1 

αβ

(
S

pred 
β ( θ ) − Smeas 

β

)
, (D2a) 

uch that 

∂ χ2 

∂ θi 

( ˆ θ ) = ∂ Spred 
α

∂ θi 

∣∣∣
ˆ θ
C−1 

αβ

(
S

pred 
β ( ˆ θ ) − Smeas 

β

)
! = 0 , (D2b) 

here we assume a parameter-independent covariance. Expanding 
pred around the fiducial parameters θfid and defining ˆ θi = θfid i + δθi , 
e write 

pred 
β ( ˆ θ ) ≈ S

pred , fid 
β + ∂ S

pred 
β

∂ θj 

∣∣∣
θfid 

δθj . (D2c) 

nd since we assume the model to be linear in the parameters, we
ave that the derivatives at the fiducial parameter and the most likely
arameters are the same 

∂ S
pred 
β

∂ θj 

∣∣∣
ˆ θ
= ∂ S

pred 
β

∂ θj 

∣∣∣
θfid 

. (D2d) 

Plugging this in we find 

∂ Spred 
α

∂ θi 

∣∣∣
θfid 

C−1 
αβ

( 

∂ S
pred 
β

∂ θj 

∣∣∣
θfid 

δθj − �S

) 

! = 0 , (D2e) 

nd evaluating it at first order in δθi , where the derivatives are at the
ducial parameters, we obtain 

ij δθj = ∂ Spred 
α

∂ θi 

∣∣∣
θfid 

C−1 
αβ �S . (D3) 

olving last equations leads to equation ( D1 ). 

his paper has been typeset from a TE 

X/LA TE 

X file prepared by the author. 
MNRAS 545, 1–17 (2026)

 Access article distributed under the terms of the Creative Commons Attribution License 
roduction in any medium, provided the original work is properly cited. 

https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 THEORY
	3 MODEL VALIDATION WITH MOCK DATA
	4 DISCUSSION AND CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: CYLINDRICAL COLLAPSE IN CDM
	APPENDIX B: PRACTICAL EVALUATION OF THE CGF FOR GAUSSIAN INITIAL CONDITIONS
	APPENDIX C: SOURCE GALAXY REDSHIFT DISTRIBUTION
	APPENDIX D: MODEL BIAS FROM FISHER MATRIX

