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Abstract
In quantum physics (QP) education, the use of representations such as diagrams and
visual aids that connect to mathematical concepts is crucial. Research in
representation theory indicates that combining symbolic-mathematical elements
(e.g., formulae) with visual-graphical representations enhances conceptual
understanding more effectively than representations that merely depict phenomena.
However, common representations vary widely, and existing category systems do not
adequately distinguish between them in QP. To address this, we developed a new set
of differentiation criteria based on insights from representation research, QP
education, and specific aspects of the quantum sciences. We created a
comprehensive category system for evaluating visual QP representations for
educational use, grounded in Ainsworths (2006) DeFT Framework.
Twenty-one experts from four countries evaluated this category system using four

qubit representations: the Bloch sphere, Circle Notation, Quantum Bead, and the pie
chart (Qake) model. This evaluation enabled us to assess the discriminative power of
our criteria and to gain expert-based insights into the perceived effectiveness of each
representation in supporting the learning of QP concepts. It evaluated how well each
representation conveyed quantum concepts such as quantum state, measurement,
superposition, entanglement, and quantum technologies (X-, Z-, and H-gates) across
16 criteria.
The results showed significant differences in the effectiveness of these

representations, particularly in conveying key concepts like superposition and
measurement from an expert perspective. Additionally, expert ratings indicated
notable variations in the potential of each representation to induce misconceptions,
linked to differences in shape, measurement behaviour, and requirements for
understanding entanglement. We also discuss considerations for developing new
representations and suggest directions for future empirical studies.
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1 Introduction
QP plays a central role in the development of emerging quantum technologies (QT),
which include applications such as quantum computing and quantum communication.
The growing importance of these technologies highlights the need to teach QP effectively
in order to prepare students for scientific and technological challenges. However, teaching
quantum concepts is a major educational challenge, as these concepts are often abstract
and unintuitive (e.g. [1]).

Diagrams, models, and visual aids can play a valuable role in QP education by helping
students engage with and better understand mathematical concepts. Visual-graphical rep-
resentations, in particular, are powerful tools for conveying complex quantum phenom-
ena, as they help bridge the gap between abstract mathematical formalism and intuitive
understanding. Research in representation theory indicates that combining symbolic-
mathematical elements (e.g. formulae) with visual-graphical representations enhances
conceptual understanding more effectively than representations that merely depict phe-
nomena [2].

However, common visual-graphical representations differ in their properties, and exist-
ing category systems often do not cover these differences adequately [3–6]. Against this
background, a new set of differentiation criteria was developed, drawing on recent find-
ings from representation research, quantum education, and specific aspects of quantum
sciences and technologies (see categories in Sect. 3.3). Ainsworth’s (2006) Design, Func-
tions, and Tasks Framework was used as a conceptual basis to refine and create a compre-
hensive category system for evaluating visual-graphical qubit representations [7].

Among these categories, for example the category of ‘Salience’ exemplifies how visual
design can guide learners’ attention. Salience refers to the perceptual prominence of spe-
cific features that stand out and automatically capture attention. According to Itti & Koch
(2001), salience-driven attention is primarily guided by stimulus properties, such as color,
contrast, and motion, rather than by an individual’s goals or expectations [8]. This means
that certain elements in a scene naturally attract attention due to their visual distinctive-
ness, regardless of the observer’s. While salience determines which stimuli are noticed
first, its influence on cognitive processing and learning is complex. Reynolds & Anderson
(1982) found that directing attention to specific textual information—by posing targeted
questions—led to longer reading times for relevant segments and increased reaction times
in a secondary task [9]. These results suggest that attention allocation can influence the
depth of information processing, as readers who spent more time on question-relevant
text sections also tended zu better post-test performance.

While Ainsworth (2006) highlights the importance of designing multiple external repre-
sentations (MERs) to support accessibility and clarity in learners’ understanding of com-
plex scientific concepts [7], Schnotz and Bannert (2003) focus on how the structure and
design of external representations influence cognitive processing [10]. Ainsworth (2006)
frames design within her DeFT framework, which emphasizes the functions of MERs.
In contrast, Schnotz and Bannert (2003) analyse design from a cognitive processing per-
spective, arguing that representations fundamentally differ in how they convey informa-
tion [10]. The distinction made by these authors between descriptive representations (e.g.
text, equations) that rely on symbolic encoding and depictive representations (e.g. dia-
grams, images) that share structural similarities with what they represent is also of in-
terest [10]. Their research highlights that the effectiveness of multiple representations
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depends not only on their function but also on their structural alignment with cogni-
tive processing demands [10]. While well-designed combinations of text and image can
enhance learning, inappropriately structured representations may interfere with the con-
struction of mental models. Both perspectives emphasise the importance of a thoughtful
representation design. Ainsworth (2006) underlines the necessity of aligning the design of
representations with their pedagogical function and the learning task [7], whereas Schnotz
and Bannert (2003) stress the importance of ensuring that representations are cognitively
compatible to support mental model construction [10].

The objective of this study is to provide educators with valuable insights into the char-
acteristics of representations that are perceived as conducive to learning, and to identify
relevant factors for designing new representations. The study relies on expert evaluations
to derive key design principles that may contribute to effective representations. Further-
more, it addresses general challenges in developing effective representations that facilitate
a solid understanding of QP (see Sect. 2.4).

The structure of the paper is as follows: Sect. 2 provides an overview of the theoretical
background, Sect. 3 outlines the methodology, Sect. 4 presents the results, and Sects. 5
and 6 discuss the implications and future research directions.

2 Theoretical background
2.1 Quantum education
Quantum science and technology doesn’t change only our fundamentally view of the
world, but can also influence people’s living conditions through its influence on society
and technology. In light of the growing importance of QT, the teaching of QP plays a
central role in various stages of education and professional training (school, university,
and industry). Research has already been carried out in various directions, for example
in course structure [11–13], representational [14–16] or instructional [17–19] and many
other. This should only show a small number of the research directions that make a con-
tribution. At the same time, it is important to ensure that QP concepts are delivered in
a sustainable and targeted manner, enabling individuals to actively contribute to the ad-
vancement of these technologies at different stages. In order to provide a basic education
in this field, suitable concepts with supporting representations [20], which are needed to
get more and deeper knowledge.

Introducing the fundamentals of QT, in particular the qubit, not only leads to new ap-
proaches in the teaching of QP but also opens up the possibility of an application-oriented
teaching methodology [18, 21, 22]. In addition to the different approaches that can be used
to introduce learners to QT, a recently updated competence framework addresses the un-
derstanding of QT at different levels and in different relevant sectors [11, 12]. It can be
used as a guide for matching representations to the cognitive and content-related needs
of different learning levels, and as a starting point for developing appropriate teaching
materials.

The spin-first approach appears to be a suitable method for teaching the fundamentals
of QP and, with its focus on qubits as two-level systems, also for teaching QT [18, 22, 23].
This approach introduces the spin-half context with the qubit at an early stage, providing
a basic understanding of QP and, in particular, QT. In this context, the spin-1/2 system
serves as an ideal introduction, as it allows learners to work with a fundamental two-state
quantum system that can be easily contextualized in different physical implementations.
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Common examples include the spin states of an electron (spin-up/spin-down) or the po-
larization states of a photon (horizontal/vertical). By introducing spin at an early stage, this
approach establishes a clear conceptual link between the abstract concepts of QP and pos-
sible applications in QT. The reasoning tools for QP, also called the basic rules of quantum
physics, from the German ‘Wesenzüge der Quantenphysik’ [24–26], include fundamental
concepts that describe the behavior of quantum systems.

A quantum state characterizes a physical system and encodes the probabilities of mea-
surement results. In a two-state system, such as a qubit, the state is defined by two basis
states, |0〉 and |1〉 [27]. The principle of superposition allows the system to exist in a com-
bination of these states, leading to characteristic quantum effects such as interference.

These reasoning tools [24–26] can also be addressed with the spin-first approach:
• Quantum measurement
• Complementarity
• Indeterminism and statistical predictability
• Interference of single quantum objects
Current research has highlighted a set of fundamental concepts that educators consider

essential for teaching QP and QT. These include superposition, quantum measurement,
quantization, the Heisenberg principle, entanglement, statistical nature, wave-particle du-
ality, non-locality, decoherence, and complementarity [28].

Within this framework, certain concepts emerge as particularly central to understand-
ing quantum technologies. In particular, superposition and entanglement are frequently
emphasized as key concepts, as they underpin quantum computing, quantum communi-
cation, and other QT applications. Their role in enabling quantum parallelism and secure
information transfer highlights their significance beyond fundamental physics. Sadaghi-
ani et al. found that students demonstrated a higher understanding of QP concepts when
they followed the spin-first approach compared with a position-first approach [23].

To convey the complex content of QP in an intuitive and memorable way, it is essential to
create an appropriate learning environment that encompasses not only an effective teach-
ing approach but also the use of suitable representations. The selection of representations
in the context of QP is a challenging endeavour. Stadermann elucidates the complexities
in identifying useful representations in QP [29]:

‘In contrast to most classical physics topics, we cannot find a consistent visualisation
for quantum phenomena. QP offers students new views on physical reality, which con-
flict with earlier learnt classical concepts such as the nature of particles, locality, and
determinism. Scientists still discuss how – and if at all – QP should be interpreted.’

Therefore, it is essential to identify valuable elements of visual representations within
the context to generate hypotheses regarding their learning effectiveness and, potentially,
to generate new representations.

2.2 Qubit representations
The term ‘representation’ can be interpreted in many different ways. There is a diversity
of perspectives, definitions, and categorisations of representations in the context of edu-
cation. In this work, we are orientated towards Lemke [5], who analysed the construction
and conveyance of meanings through signs and symbols, both in verbal and non-verbal
languages. He found that in scientific papers, content such as text, graphs, tables, photos,
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Table 1 Example for representation in different variations

Description Example

Visual-graphical
(e.g. diagrams, graphs, images)

Bloch sphere

Mathematical (–operational)
(e.g. formulae)

|Ψ〉 = a1 |0〉 + a2 |1〉 (1)

Remark: a1,2 ∈ C,
∑2

i=1 |ai|2 = 1.

Visual-gestural
(e.g. physical or gestural movements)

Interaction between the teacher and the student through
physical and gestural movement

Verbal-semantic
(e.g. text)

‘Superposition can be realised with the aid of a beam splitter.’

Tangible
(e.g. 3D printed Bloch sphere in the hand)

Hand-sized 3D print of a Bloch sphere

and equations are used together because meaning is constructed through a multimodal
process. This meaning is now taken up for learning. To determine the conditions in which
this multimodality can be employed in the context of learning QP and QT, we categorise
possible representations. Examples of different types of representations that could be used
and combined in multimodal quantum instruction are shown in Table 1.

Previous research has already attempted to implement various representations in com-
bination with the spin-first approach [30]. The study included symbolic representations
such as bra-ket notation and matrix representations, graphical visualisations in the form
of histograms, colour-coded probability distributions and three-dimensional represen-
tations, as well as dynamic approaches such as time-dependent animations and simula-
tions of experiments. The results show that this combination of multiple representations
promoted conceptual understanding and the ability to translate between different forms
of representation [30]. However, challenges remain, especially in dealing with complex-
valued states and projections in Hilbert spaces [30]. A common and often used visual-
graphical representation of two-level systems is the Bloch sphere, which has several vari-
ants in its implementation [18, 22, 31]. However, a variety of other representations are
also available, for example, the “arrow” formalism by Richard Feynman [32–35] and the
Circle Notation [15, 36, 37]. In recent years, many other visualisations of qubits have been
developed and refined, for example, the Quantum Bead by Steffen Glaser’s group [38, 39],
and the pie chart model [40]: Qubit cake model (Qake, paper in progress) [41]. For the
visualisation of quantum phenomena, not only have different representations been used
and analysed, but also media such as the quantum Composer [42–44] or the Quantum
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Mechanics Visualisation Project (QuVis) [45, 46]. The field of visual-graphical quantum
representation is undergoing constant development and refinement. There is a significant
interest in making QP accessible to an interdisciplinary audience, particularly with regard
to the future development of QT [13].

Teaching QP and QT to beginners requires a structured approach to mathematical con-
cepts. While mathematical formalism is essential for a deeper understanding, its abstract
nature can pose challenges for learners with little or no prior knowledge. According to
Bouchee et al. (2021), the abstract mathematical formalism can obscure for students the
meaning of the associated concepts of QP [47]. Visual-graphical representations can serve
as an intuitive bridge to mathematical concepts—for example, the Bloch sphere helps
learners understand quantum superposition and rotations in Hilbert space and later main-
tain a connection to the underlying linear algebra. Rather than immediately introducing
formal mathematical structures, visual representations provide an entry point by illustrat-
ing abstract principles in a concrete way. They help learners develop an intuition before
moving on to the corresponding algebraic formulations, such as state vectors, operators
and unitary transformations, and can provide the link to them [12].

Learning often involves (multiple) representational resources [7], including verbal-
semantic formats (e.g., written text), mathematical-operational (e.g., equations), and vi-
sual representations [5]. Visual representations can be further categorised into visual-
graphical representations (e.g. Bloch spheres, quantum circuits or vector diagrams) and
visual-gestural representations, which involve interactive elements such as hand gestures
by interacting with each other [5]. According to Lemke’s (1998) categorisation, also phys-
ical representations such as those used in chemistry (e.g. molecular models) also belong
to graphical representations [5]. They are part of the broader concept of representation,
which is categorised differently by different authors [4–6, 48]. Schnotz (2005), for exam-
ple, distinguishes between descriptive and depictive (pictorial) representations. Descrip-
tive representations use symbols or signs that have no direct similarity to their reference
object, while pictorial representations have a structural similarity to the depicted object
through a spatial arrangement (e.g. molecular models) [48]. Models and representation are
not the same thing. Models can be understood as representations, among other things,
but often fulfil other characteristics in their model concept. According to Kircher et al.
(2015) characteristics of models are clarity, simplicity, transparency, familiarity, produc-
tivity, importance of models [49]. As the mathematical formalism of QP is challenging
to understand and apply, visual representations of qubits can facilitate understanding by
making abstract concepts more tangible.

Therefore, teachers need to carefully evaluate their properties and determine their suit-
ability for conveying key quantum concepts. This includes checking that a representa-
tion accurately reflects the underlying mathematical principles. At the same time, learn-
ers should be encouraged to actively connect different representations, such as linking
quantum state vectors to their Bloch sphere representation. Such integration supports
mathematical understanding and reinforces structural relationships within QP. Making
these connections requires identifying relevant similarities between different representa-
tions and understanding the conventions that guide their combined use. This process is
referred to as connectional understanding [2]

As previously mentioned, qubit representations within the spin-first approach allow for
the visualization of fundamental principles of QP using a two-state system. A qubit is a
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physical system that can exist in two basis states and is described by their superposition.
Well-designed visual-graphical representations can help to illustrate concepts such as su-
perposition and measurement in a more accessible way by providing an intuitive entry
point before formal mathematical descriptions are introduced. This facilitates the teach-
ing of key QP concepts without immediately introducing the full mathematical formalism.
The focus on visual-graphical representations of qubits is a deliberate didactic strategy,
aiming to enhance the accessibility and understanding of fundamental concepts in QP.

Although it has been suggested that visual-graphical qubit representations are benefi-
cial due to their accessibility and close relationship with mathematics, their perceived sim-
plicity can pose a risk that they will be misunderstood. Learners sometimes fail to recog-
nise that they are not direct representations of reality, but scientific models. A prominent
class of such difficulties is the “graph-as-picture” misconception, in which, for example,
a learner may misinterpret a line graph as a picture of a mountain [50]. The study inves-
tigated how people perceive and interpret visual graphs, with a particular focus on the
‘graph-as-picture’ misconception - the tendency to misinterpret abstract representations
as physical images [50]. Experiments were conducted with subjects who interpreted var-
ious visual graphs, supplemented by questionnaires and qualitative interviews to analyse
the influence of design elements such as colours, shapes and layouts. The results show that
visual graphs can facilitate understanding, but often lead to misinterpretation if their ab-
stract nature is not clearly communicated. Particularly relevant for visual graphical qubit
representations is that while intuitive representations can improve accessibility, they also
carry the risk of learners misinterpreting them as physical structures. Therefore, their risk
of supporting the development of misconceptions (e.g. the Bloch sphere describes the be-
haviour of a photon, then the photon is associated with the shape of the Bloch sphere as
a small sphere) should be considered when using or creating visual-graphical represen-
tations. In addition to the misinterpretations caused by visual-graphic representations,
meta-representation competences (MRC) can play a central role in avoiding these [51].
MRC enable a reflective approach to representations and promote an understanding of
their use and limitations [51]. According to diSessa, MRC is crucial for not only utilis-
ing representations, but also for critically questioning them and meaningfully integrating
them into the learning process [51]. He defines MRC as follows:

MRC includes the ability to select, produce and productively use representations but
also the abilities to critique and modify representations and even to design completely
new representations (diSessa und Sherin, 2000, p. 386).[51]

With regard to the use of qubit representations, difficulties and misconceptions in QP
have been analysed extensively by various authors [1, 52–56]. Based on our literature re-
search, the design and presentation of visual-graphical representations play a crucial role
in concept acquisition and the avoidance of misconceptions. Additionally, the manner in
which a representation is presented can influence learning outcomes and potentially lead
to difficulties [57, 58]. The following are selected misconceptions identified in the liter-
ature regarding the concepts of quantum state, quantum measurement, superposition,
entanglement and general perception (spin as rotation) that may be encountered when
using visual-graphical representations:

• Quantum state: Several studies have shown that understanding quantum states
involves several conceptual challenges. A common problem is the regression to
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classical thinking, especially with regard to the non-determinism of quantum
mechanics [56]. Students have difficulty distinguishing between pure superposition
and mixed states, and tend to overlay quantum mechanical concepts with
deterministic ideas. In addition, many students believe that a time-dependent wave
function automatically implies a time-dependent probability of a particle. Another
misunderstanding concerns the state after a measurement: some students incorrectly
assume that the wave function remains the same after a measurement, or that it
returns to its initial state over time [56].

• Measurement: Understanding difficulties with measurement and expected value
have been identified [1, 52]. An important insight related to three-dimensional
representations comes from Singh et al. [1]. They show that students often incorrectly
assume that the states labelled x, y and z are spatially orthogonal and independent of
each other, based on their experience in classical physics, where these axes are
conventional labels for orthogonal vector components. However, if it is not explicitly
explained that the eigenstates of a quantumsystem (e.g. spin components) are vectors
in abstract Hilbert space - and not in the three-dimensional physical space in which,
for example, a magnetic field propagates - this misconception may persist and lead to
learning difficulties [1]. The role of representation is as a means of predicting
measurement results based on probabilities, rather than determining them directly.
Bouchée et al. (2021) point out that measurement is a general problem in learning QP,
which is related to the situational relevance of (linguistic) representations [47]. For
example, he mentions that learners who are confronted with the uncertainty principle
draw incorrect conclusions from the experimental physics representation (e.g.,
measurements are accompanied by errors related to the measuring device), thus
hindering their process of meaning formation [47].

• ‘Spin as rotation’: In a study on mental models, it was found that the majority of
participants held the misconception of ‘spin as a rotation of particles around their own
axis’ [54, p. 1374].

• Superposition: Many students struggle to understand that photons can exist in two
states (e.g., horizontal or vertical polarisation). The majority of students encountered
difficulty in accepting that the polarisation states of a photon can be employed as the
basis for a two-state system [1]. This issue was frequently observed in students who
exhibited a pronounced inclination towards their established understanding of
polarisation within the context of classical optics [1]. A common misconception is
that a photon can have an infinite number of polarisation states and therefore cannot
be reduced to two base states [1]. Students are strongly orientated towards polarisers,
which in classical physics can be rotated at will, thereby determining the state of the
light [1]. This idea means that they do not understand polarisation as a quantum
mechanical two-state system.

Interestingly, this resistance does not occur with spin-1/2 states, although these are
physically isomorphic to photon polarisation [1]. The reason is probably that
polarisation is usually taught in a classical context, while students only learn about
spin in quantum mechanics. As a result, they lack the connection between the two
concepts, which makes it difficult to accept polarisation as a two-state system [1].
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These difficulties also affect the understanding of superposition. If students do not
accept polarisation as a quantum mechanical two-state system, it is difficult for them
to understand that a photon can be in a superposition of these states.

• Entanglement: To our knowledge, there are few studies that address specific
misconceptions about entanglement held by learners. Brang et al. (2024) are one of
them, who explored the perspectives of physics teachers and students on quantum
entanglement, quantum teleportation, and their applications. The study highlighted
several learner conceptions, including challenges in differentiating quantum
entanglement from superposition, misconceptions regarding the role of measurement
in entangled states, and a limited understanding of practical applications such as
quantum communication and computing [55]. For one, they categorised some of the
participants’ responses as ‘hidden variable explanations’. As they assumed that the
measurement results were predetermined by local hidden variables, reminiscent of
the EPR (Einstein, Podolsky, Rosen) perspective [55, 59]. A classical, deterministic
understanding is implicit in this view [55]. Other microconceptions were described in
the text as ‘direct influence or action at a distance’. In that section, learners assumed
that one entangled particle actively influences or transmits information to its partner
particle, and even thought that manipulating one particle changes the other in a
controllable way [55]. Furthermore, the misconception that measurements on
entangled particles always show perfect (anti)correlations, regardless of the
measurement basis, was identified. To investigate common misconceptions in QP and
their teaching challenges, Majidy et al. (2024) also conducted a review and
interviewed QP instructors [20]. Their study provides an overview of misconceptions
in higher education physics, discusses their sources and remediation strategies.
Interviews have shown that many students wrongly assume that a measurement on an
entangled particle causes an immediate physical change in the partner particle [20].
Equally widespread, according to the lecturers, is the misconception that
entanglement enables information to be transmitted at faster-than-light speeds,
although quantum mechanics does not permit such communication [20]. Another key
misconception from the lecturers’ point of view is the distinction between correlation
and causality, as students often do not understand that measurements on entangled
particles only show statistical correlations, but that there is no direct influence
between them [20]. Popular scientific presentations, insufficiently precise school
material and unsuitable classical analogies were identified as the main causes of these
misconceptions [20]. To improve understanding, the researchers recommend the
targeted use of representations and simulations to make the non-local but non-causal
nature of entanglement comprehensible [20].

These findings underscore the necessity for the development of effective representa-
tions to address these conceptual gaps and to facilitate a more profound comprehension
of abstract quantum phenomena, such as entanglement.

Based on our literature research, the way visual-graphical representations are designed
plays a crucial role in concept acquisition and the avoidance of misconceptions. Addition-
ally, the manner in which a representation is presented can influence learning outcomes
and potentially lead to difficulties [57, 58].
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2.3 Describing visual-graphical qubit representations
As in other areas of physics, educators in QP are confronted with the challenge of compar-
ing and selecting appropriate representations. With this study, we want to help categorise
representations and describe them in a consistent manner to evaluate their strengths,
weaknesses, and special features. Previous categorisations of representations, such as
those proposed by Lemke [5], Schnotz [3], Kosslyn [6] and Bertin [4], differentiate visual-
graphical representations but do not support drawing conclusions about their effective-
ness or appropriate use. However, if educators could gain a deeper understanding of the
aspects of qubit representations that promote the acquisition of content knowledge, they
could assign qubit representations to different levels of learners’ prior knowledge and de-
velop more effective, targeted approaches.

In this work, we present a refined categorisation system for representation and QP vi-
sualisation research. We selected Ainsworth’s Design, Functions, and Tasks (DeFT) [7] as
the conceptual framework and extended it with relevant aspects of QP representations,
including their respective potential risks of inducing misconceptions in learners. Inde-
pendent of the learning content, the DeFT Framework provides an overview of how mul-
tiple external representations (MER) can be used effectively to support students’ learn-
ing [7]. Ainsworth outlined relevant aspects of design, functions, and tasks when learn-
ing with MER. The design aspect of the DeFT framework concerns the structure of
multi-representational learning environments and how they influence learner interaction.
Specifically, it addresses how accessibility, comprehensibility, active engagement, and the
integration of multiple representations impact the effectiveness of learning. According
to Ainsworth (2006), key design considerations include the number of representations,
the distribution of information, the format of representations (e.g., text, diagrams, or ta-
bles), the sequence in which they are introduced, and the ease of translating between them.
These factors determine how learners process information and interact with different rep-
resentations. The “functions” refer to the roles that can be played by multiple represen-
tations in supporting learning: providing complementarity, constraining interpretation,
and constructing deeper understanding. These functions influence how learners process
and integrate information. The ‘tasks’ refer to the cognitive demands that learners must
manage to work effectively with these representations. In this aspect, we have differenti-
ated ourselves from Ainsworth (2006) and have focused on content-related processes and
operations that can be shown with the representations to solve tasks [7]. Together, these
aspects provide an understanding of how incorporating MER into educational settings
can influence learning processes and outcomes.

For our purpose we redefined DeFT [7] as a theoretical framework to derive useful di-
mensions for categorising visual representations (see Table 2).

Under design, categories were included that allow statements about the shape and visual
impression of a representation.

Under function, categories were included that primarily characterise the representa-
tions according to their interaction with the learners or other representations.

Under task, categories have been chosen that primarily take place in a basic QT appli-
cation or task.

Finally cross-concepts, include aspects that do not fit in the categories above (the cat-
egories are described in more detail in Sect. 3.3).
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Table 2 Refined categorisation of visual representations

2.4 Research questions
Our goal is to refine a categorisation of representations that allows us to make decisions
about the selection and design of visual representations for appropriate, effective, and sus-
tainable learning of QP and QT content. We use expert ratings to profile and cluster rep-
resentations and obtain answers to the research questions:

RQ1: According to experts, which differences exist between the learning-relevant fea-
tures of four selected visual-graphic qubit representations?

RQ2: According to experts, what factors should be considered when creating new qubit
representations to promote learning?

3 Methods
To answer the research questions, we conducted online sessions in which experts were
asked to rate four visual-graphical qubit representations across 16 categories using cheat
sheets developed for the study. Rather than directly asking experts to define relevant as-
pects, we inferred their importance from expert evaluations of existing representations.
This approach allowed us to identify which features are perceived as most relevant for
learning QP and QT. The Bloch sphere, the Cirle Noation [15, 36], the Quantum Bead, a
further development of the Spindrops representation [38, 39] (second paper in progress)
and the pie-chart model: Qubit Cake Model (Qake) [41] were the four representations
evaluated by the experts (Fig. 1). The Quantum Bead is not substantially different from
the Spin Drops representation (or DROPS for short [38, 60]) for single qubits. The differ-
ence lies in the fact that the Quantum Bead is also suitable for visualising two or more
qubits, including entanglement [39], as requested in the expert rating. Therefore, we refer
here to the Quantum Bead [39].

3.1 Cheat sheets
The structure and layout of the cheat sheets with the relevant terminology were identi-
cal for each of the four representations (see supplementary material 1). Brief explanations
were given on qubits (in general), quantum states (two-state system), the representation
itself, and how the respective representations visualise the following: quantum measure-
ment, superposition, entanglement and quantum gates (X-Gate, Z-Gate and H-Gate). The
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Figure 1 The Quantum Bead and Bloch sphere are three-dimensional representations, whereas the Qubit
Cake Model (Qake) and Circle Notation are two-dimensional representations. The Circle Notation uses the
third dimension for multi-qubit systems. Own illustration based on Quantum Bead [39, 60], Circle
Notation [36], the Bloch sphere [19] and Qake Model [40, 41]

experts were advised first to look at the cheat sheets to familiarise themselves with all the
qubit representations and then complete the rating sheet. The cheat sheets could option-
ally remain open. Experts were asked to assess each of the four representations within the
different categories via Google Forms (https://docs.google.com/forms).

3.2 Sample
For the present study, we selected and invited experts whose current field of research is
related to QT: theoretical (N = 7), experimental (N = 5), educational (N = 7) and across all
interfaces (N = 2). A total of twenty-one experts from ten locations across four countries
(Germany, Italy, Switzerland, and the USA) were involved. Only QT experts with teaching
experience in QP were included (two professors or junior professors, nine postdoctoral
researchers, and ten PhD students). PhD students were eligible to participate only if they
were in their second year or above. The mean number of years spent engaged in research
in QP was 5.1 years (standard deviation ±1.9 years). One participant with over 30 years
of experience was considered an outlier and so was not included in this average. How-
ever, the ratings of this expert was considered for the analysis in this paper in the same
way as the other data. The participants demonstrated expertise in various areas, including
mathematics, quantum optics, quantum field theory, quantum computing, and quantum
education. All experts were contacted personally or by email.

3.3 Categories
The categories for evaluation were chosen based on Ainsworth’s DeFT framework and
research on (mis-)conceptions in quantum education and quantum sciences.

1. Salience: This describes how clearly a concept is perceived through a
representation. The salience of a stimulus can depend on its intensity, novelty,
ecological validity, movement, and interactivity [61]. The signalling principle states
that learning materials are more effective when they contain cues or elements that

https://docs.google.com/forms
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draw learners’ attention to the relevant content or information or highlight the
organisation of the content [62].

2. Dimension: Ainsworth mentions dimensionality as a relevant design factor [7].
Although visual-graphical representations are always two-dimensional, they can
differ in whether and how three-dimensional information is visualised [7]. The
capacity for spatial abilities, including mental rotation, differs between learners of
different genders [63–65]. The visuospatial experience provided by representations
depends on whether learners can adequately perform any necessary explicit
operations (e.g. mental rotation). A study showed that spatial ability is the decisive
factor for learning success, with male participants performing better than female
participants regardless of the type of multimedia resources [64]. Three-dimensional
representations may require a higher level of spatial imagination than
two-dimensional representations, that not all learners can achieve in the same
way [64].

3. Understanding difficulties: This assesses whether the representations could lead to
students misunderstanding the underlying concepts. Topics should be considered
which may lead to possible understanding difficulties due to their function or
external features such as the design of the representation. Here we have limited
ourselves to certain concepts such as simple structures, quantum measurement,
superposition and entanglement by known literature. A more detailed background
on misunderstandings that can arise from visual-graphical qubit representations is
provided in Sect. 2.2 and how we implemented there in the study is shown in
Sect. 3.4.

4. Colour: Another component of representations is the colour coding of
concepts/information. The point here is not that colour can be used to visually
draw attention, but that information is encoded with the colour, which can increase
the extrinsic cognitive load and have a detrimental effect on learning [66]. The
additional information processing through colour requires increased (extrinsic)
cognitive load and has a negative effect on learning. For example, both the colour
and the mixture of colours (in the case of a function of the representation) contain
information about the underlying content.

5. Actions/steps: This category describes the cognitive steps required to extract
relevant information from the representation of a concept or to perform a specific
operation with the representation. It is based on Sweller’s element interactivity [66].
Learning content or representations that require numerous cognitive steps place a
significant load on working memory, which is inherently limited in its capacity to
process information effectively [67]. According to Miller, the human working
memory can typically manage only a limited number of elements, often cited as
7 ± 2 at any given time [68]. Therefore, representations should be as comprehensive
as possible while remaining simple to avoid cognitive overload and instead provide
support to learners. It is important to distinguish between extrinsic cognitive load,
which arises from the way information is presented, and intrinsic cognitive load,
which depends on the inherent complexity of the material relative to the learner’s
prior knowledge. Certain representations might require many cognitive steps for
learners with low prior knowledge, leading to overload, yet be entirely suitable for
learners with higher levels of expertise [69].
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6. Mathematics: For QP, the interaction between mathematics and visual-graphical
representation is an important aspect in the choice of representation. The
integration between mathematical and visual-graphical representations promotes
conceptual understanding more than one representation that visualises certain
phenomena [2, 7]. Erwin Schrödinger captured the mathematical meaning of QP
succinctly when he said “. . . then the mathematical apparatus of the new theory can
give us a well-defined probability distribution for every variable. . . ” [70] emphasising
how fundamental a connectable representation is. To introduce mathematics at the
right level or to enable later levels of learning, it is important to provide access to
mathematics with visual-graphical representations.

7. Contiguity: This is based on the principle of contiguity described by van Gog [62],
who found that learners achieve greater learning success when text is placed next to
the graphic [71]. The combination of both proved to be conducive to learning,
which is why this category is included to consider the direct integration of a
visual-graphical qubit representation with a mathematical formula or some
additional text for a more detailed description. This could also ease the transition to
the introduction of mathematical representations.

8. Overlap/redudancy: There is a paucity of data concerning the impact of redundant
combinations of representations on learning outcomes. The combination of images
and written text supports the acquisition of knowledge more effectively than the
simultaneous presentation of the same information in the form of images, written
text, and speech [71]. However, a study has demonstrated that combining multiple
representations, especially text with formulae, improves problem-solving
performance in mathematics, even if they contain redundant information [72].
Furthermore, the use of multiple visual-graphic representations can be beneficial
for learning [7]. This includes the use of redundant graphical representations.
A categorisation of representations in connection with one or more redundant
representations enhances the use of MER and increases the potential to improve
learning [7]. The challenge here is to identify compatible representations and use
them in a targeted manner.

9. Complementarity: This describes the use of two visual-graphical representations
that complement each other. The principle of complementarity implies that the
representations differ either in the information they present or the related cognitive
processes [7]. For example, two visual-graphical representations may depict the
information of a superposition state while triggering different cognitive processes,
thus promoting learning through stronger integration [2]. Another possibility is
that one representation may depict the superposition well but not the
entanglement, whereas the other representation may visualise the entanglement but
not the superposition. Multiple representations can, therefore, be used to promote
learning if they complement each other in their representation of concepts. As in
overlap/redundancy, the categorisation of representations in relation to one or
more other complementary representations also has the potential to enhance the
effectiveness of MER and improve learning [7].

10. Predictability: For representations to be used effectively by learners, they should
enable predictions to be made. Thus, statements should be made about possible
measurement results, taking into account the properties or rules of the
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representation [73, 74]. Particularly important here are the tasks/applications
categories, which capture how certain representations can be used to demonstrate
specific applications or tasks of QT. These categories are specific to QT and the use
of the qubit in the spin-first approach.

11. Phase (or phase change): This is a particularly important property of a quantum
state. Global phases and relative phases were considered separately. The global
phase refers to a phase-related transformation applied to all states of a quantum
system. It has no direct influence on the observable phenomena of the system.
Relative phase refers to the phase relationship between different states within a
quantum system [75].

12. Amplitude: To analyses a two states system in detail, the term of ‘amplitude’ is
required in addition to ‘phase’ [75, 76]. To interpret and understand these terms as
clearly as possible, it is important to visualise them.

13. Concepts: The concepts (A) quantum measurement, (B) superposition, (C)
entanglement, (D) probabilistics were considered to assess which concepts are
adequately conveyed by the representations. The concepts were selected based on
relevance of the spin-first process and the reasoning tools for QP, as well as the
competence framework [11, 23, 24, 26].

14. Quantum technologies: This category focuses on direct application and captures
which quantum gates are adequately conveyed by the representation of
experimental components. This concerns common gates: the H-gate, the X-gate,
and the Z-gate [38].

15. Generability: This refers to how readily a representation can be reproduced by
learners. The difficulty or complexity required to create the representation should
be assessed. For example, in a school context, we would consider how
difficult/complex it is for learners to draw a representation in their exercise books
when they are shown it on a blackboard [7].

16. Effort in explanation: This aims to categorise the effort required to explain a
representation. For example, there are some representations that can illustrate
many concepts, but the effort or complexity of explaining all these concepts may be
so great that these representations are ineffective.

3.4 Rating
The structure of the ratings shown in Fig. 2 indicates the weightings assigned to the differ-
ent categories. To rate the salience, dimension and actions/steps and concepts, four items
(for each QP concept) per representation are included. For understanding difficulties, we
include the items in statements A, B, C, and D. For redundancy and complementarity, the
combinations A–F are taken into account only once. The total number of items is cal-
culated by adding the number of items on the sub-path of the characteristic of external
representation, here QP concepts, so redundancy and complementarity are not taken into
account as they are cross-representation items (32 items for one representation and 128
items for four). The number of all cross-representation items (redundancy and comple-
mentary) is shown here by 12 (6 + 6). The total number of items is calculated by multiply-
ing the 32 items by 4 (for the representations) and adding 12 cross-representation items
(into account once).
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Figure 2 Overview of the rating structure used in the expert evaluation. The diagram illustrates how different
categories were weighted across qubit representations, For a detailed explanation of the rating process, see
Sect. 3.4

On a Likert scale from 1 to 5 (‘strongly disagree’ to ‘strongly agree’ or the reverse),
the experts were asked to assess the four qubit representations based on 16 character-
istics. In addition to these options, the raters could select ‘I can’t judge, I do not know’
for each item. Salience, Dimension and Action/Steps, were rated separately for the con-
cepts of:

• quantum state
• quantum measurement
• superposition and probabilistic
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• entanglement
We also measured how many cognitive actions/steps were required to extract informa-

tion about the above mentioned relevant concepts from each representation or to perform
a specific operation with the representation. The procedure for counting cognitive steps
was introduced through two examples in showing steps by “extraction of the slope of a
linear graph” and example 2: “divergence of a vector field”, so that it becomes clear how
‘steps’ can be recorded during graphical readout.

The example ‘extraction of the slope of a linear graph’ shows how the cognitive steps
were exemplified to the experts:

1. Search for the relevant x-position.
2. Find the corresponding points on the graph.
3. Read off the associated y-value.
4. Identify another point on the graph for which the difference in y

and x can be easily determined (e.g. a point of intersection with
grid lines).

5. Find the relevant x-position of the second point.
6. Read off the corresponding y-value of the second point.
7. Determine the difference in y and x and calculate the gradient.

In this case, a total number of seven steps were required.
To systematically analyze the expert data and ensure comparability across different

scales, we transformed the original number of steps evaluations into the usual rating scale
from 1 to 5 in increments of 0.5. This transformation allows for a structured comparison
of expert assessments across all examined representations and categories. The rating 5
was used for ‘one to two steps’ and 4.5 for ‘three to four steps’, with this pattern continuing
down to a rating of 2 for ‘13 to 14 steps’. A rating of 1 was used if 15 or more steps were re-
quired. This transformation ensures a consistent interpretation of the expert evaluations
and facilitates statistical analysis by mapping categorical assessment onto a continuous
scale.

A lower number of steps means a lower number of cognitive processes, based on
Sweller’s [66, 77] concept of ‘element interactivity’. This term is used to describe the in-
trinsic cognitive load associated with the processing of different pieces of information or
elements/aspects [66]. It encompasses the manner in which these elements interact with
each other and how they are processed by the brain in order to be understood. A higher
level of element interactivity is indicative of a greater (intrinsic) cognitive load, as it ne-
cessitates establishing more connections between the elements [66].

In understanding difficulties, the experts were asked to rate four possible statements
(A–D) that might be made from the perspective of a students who may be unfamiliar
with the respective representations. Based on works by a range of authors about men-
tal models and misconceptions in QP [1, 52–54, 78, 79], the following statements were
chosen:

A: ‘Based on the representation, I imagine the quantum object as a small sphere.’
B: ‘After a beamsplitter, the qubit will be split in two directions’.
C: ‘The information of the qubit was already known before the actual measurement and

was confirmed with the representation (deterministic behaviour).’
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D: ‘An entangled state is only possible with two or more qubits.’
Statement D is correct and was included to capture difficulties in the transition to multi-
qubit systems, with regard to the concept of entanglement. In our work, we have lim-
ited ourselves to the fundamental requirements for understanding entanglement: go-
ing from a one-qubit to a two-qubit system. The focus was on clarifying the visual-
graphical representations, which show the necessity of at least two qubits for entangle-
ment.

For complementarity and overlaps/redundancy, following groups were formed to eval-
uate the representations in relation to each other:

QB/CN: Quantum Bead and Circle Notation
QB/B: Quantum Bead and Bloch sphere
QB/Qake: Quantum Bead and Qake
B/CN: Bloch sphere and Circle Notation
CN/Qake: Circle Notation and Qake
Qake/B: Qake and Bloch sphere
The participants were asked to provide a separate rating for the visualisation of global

and relative phases. For quantum technologies, the rating was divided into the following
topics: X-gate, Z-gate, and Hadamard gate (H-gate). The experts gave their ratings for each
gate. An attempt was made to limit the rating to simple variants of operations that could
be experimentally transferred to optical elements [80–82].

The 16 categories are taken into account, with four items to refine them in four concepts
for salience, dimension, actions/steps and also four items in concepts to specify them, which
(in general) appropriately convey the concepts. Four items were also included for under-
standing difficulties because of the four ‘statements’ describing interpretations or misin-
terpretations of concepts in QP. With phase (2 items) and quantum technologies (3 items),
there are 32 items. Participants were asked about these for all four representations, which
brings us to 128 items. Finally, the items were used in combinations due to overlaps/re-
dundancy and complementarity; here there are 12 items, bringing us in total to 140.

In addition, the experts were asked to indicate which category they thought was impor-
tant to discriminate the representations and which concepts, if any, were missing. These
were presented as free-text questions.

The responses to the free-text questions were collected in tabular form and examined for
recurring concepts and key terms. Concepts and key terms that recurred in the data were
identified and grouped into thematic categories. Particular attention was paid to specific
text passages to generate a meaningful structure, oriented on the principles in Chap. 8:
qualitative analysis and interpretation (Patton, 2002, p. 452ff.) [83]. Similar responses were
grouped together based on content-related keywords, while unique statements that did
not align with other responses were recorded separately and included in Sect. 4.2.5. This
approach allowed for an overview of common themes while also preserving individual
expert perspectives.

3.5 Statistical analysis
We calculated the mean and median values across design, functions, tasks, and cross-
concepts for each representation. Then, we narrowed our focus to the 16 categories and
analysed the differences between the four representations. The coefficient of variation was
calculated for each rating item. This represents the standard deviation in relation to the
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mean value and is dimensionless. If the coefficient of variation is less than or equal to 0.5,
we can say that at least 50% of the experts provided ratings close to the mean value [84, 85].
For each of the 140 rating items within the representations, we checked whether there was
at least 50% agreement. If an item rating of a representation fell below this value, this item
would not be considered further for statistical analysis, because this indicates that there
was substantial disagreement among the raters.

Next, the Levene test was used to test the homogeneity of the variances between the
representations. The Friedman test was then performed to determine whether there were
significant differences in the mean rating values between the representations. For each
rater, the ratings for each representation were converted into ranks, with the lowest rating
ranked first. For equal ratings, the ranks were assigned as the average of the positions of
the tied ratings. The ranks were summed for each representation to obtain the rank sum
for each condition. A significant Friedman test result indicates that there are differences
between the representations [86].

Raters evaluated four different representations. Each representation was rated by the
same raters in different conditions, such as quantum measurement, superposition and
probability. The ratings were made on a scale from 1 to 5, and since the same raters judged
each representation in each condition, the ratings were related (dependent).

Finally, the post hoc Wilcoxon signed rank test with Bonferroni correction was used
to identify specific differences between the representations [86]. This methodological ap-
proach enabled a precise and differentiated analysis of the data, providing deeper insights
into the variance and significance within the representations studied. In order to identify
the impact of the significant values among the representations, Cohen’s effect size d was
calculated [87].

Each representation was rated by the same rater in different conditions. Ratings were
made on a scale of 1 to 5, and because the same raters rated each representation in each
condition, the ratings were related (dependent). Given the nature of our data, we care-
fully selected non-parametric methods to ensure meaningful analysis. The coefficient of
variation was used to assess the agreement between raters, the Friedman test was chosen
as the most appropriate approach to detect significant differences in dependent samples,
and the median was used for the ordinal nature of the ratings and the mean for clarity, to
challenges reposed by a relative but expert sample.

We also calculated the correlations between the overarching categories, design, func-
tions, tasks, and cross-concepts, with Spearman’s correlation coefficient and used this
to refine our analysis of the categories. All statistical analyses were performed using R
(version 4.4.0, R Core Team, 2024). The R code used for the analysis is available on re-
quest.

4 Results
4.1 Variations in expert ratings
We calculated the coefficient of variation to determine the level of agreement between
raters for each rating item. Most coefficients of variation (Appendix B) were at or be-
low 0.5, which is usually accepted as the threshold for adequate internal agreement [84,
85], with the exception of those for the items in the categories actions/steps, and com-
plementarity, which were above 0.5. In these cases, no statement could be made due to
disagreement among the experts.
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A similar disagreement arose in the rating of entanglement within the category concepts,
resulting in its exclusion from the concepts category. The ratings for global and relative
phase visualisation were made separately for the category phase. Due to the disagreement
in the assessment of the global phase, this was also not taken into account.

For understanding difficulties in item statement B, generability for the Qake represen-
tation, and effort in explanation for the Quantum Bead representation, the level of agree-
ment was 49% agreement. Further consideration of the category understanding difficulties
was limited to statements A, C, and D, with statement B excluded due to discrepancies
between the experts. The same procedure was applied to colour for representation, gen-
erability for the Qake representation, and effort in explanation representation Quantum
Bead. If two or more representations within a category had a coefficient of variation greater
than or equal to 0.5, they were excluded completely.

4.2 Considered categories after agreement
Table 3 and 4 show the means for all categories and the significance within them. The mean
values were inverted for specific categories (understanding difficulties, colour and effort in
explanation) to provide an overview of which categories were rated higher and therefore
have a positive impact on learning. For answering RQ1 and RQ2, details are provided in
Sects. 4.2.1 - 4.2.4.

Table 3 Mean value of expert ratings for each category

Category Quantum Bead Circle Notation Bloch sphere Qake p-value

Design

Salience 3.33± 1.03 2.88± 0.93 2.79± 0.90 3.11± 0.88 ***
Dimension 3.40± 1.10 3.97± 1.10 3.66± 1.19 3.99± 1.07 ***
Understanding difficulties1 3.20± 1.32 4.24± 0.90 3.61± 1.14 3.82± 1.09 ***
Colour2 – 4.08± 1.12 4.90± 0.31 1.29± 0.46 ***

Functions

Actions/steps – – – – –
Mathematics 3.18± 1.29 3.94± 1.00 4.16± 0.60 3.71± 0.92 n.s.
Contiguity 3.41± 1.33 3.74± 1.10 3.16± 1.30 3.50± 0.99 n.s.
Predictability 3.82± 0.73 4.32± 0.58 4.05± 0.71 4.11± 0.74 *

Tasks/applications

Concepts 3.38± 1.16 4.02± 1.07 3.41± 1.16 4.19± 1.13 ***
Quantum measurement 3.48± 1.08 4.00± 1.18 3.66± 1.06 4.19± 1.12 **
Superposition 3.24± 1.26 4.10± 1.00 3.62± 1.12 4.24± 1.16 **
Probabilistics 3.43± 1.16 3.95± 1.07 3.33± 1.15 4.14± 1.20 *

Quantum technologies 3.88± 1.05 3.87± 1.29 4.17± 0.96 3.92± 1.27 n.s.
Phase (relative) 3.12± 1.36 4.53± 0.61 4.56± 0.76 4.21± 0.85 ***
Amplitude 3.30± 1.03 4.50± 0.51 3.85± 0.88 4.60± 0.50 ***

Cross-concepts

Generability 2.10± 1.22 3.29± 1.06 2.52± 0.75 – ***
Effort in explanation3 – 2.81± 1.03 2.10± 0.89 3.15± 1.14 **

The p-value was calculated using the Friedman test to determine the difference between the representations. ***p < 0.001,
**p < 0.01, and *p < 0.05. n.s. = not significant
15 means less prone to difficulties in learning. 1 means very prone to difficulties in learning
2A high mean value means less need for representations to visualise concepts with colour. This category is based on the
need for colour representation.
3A high mean value means less ‘effort in explanation’ of the representation.
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Table 4 Mean values of function categories

Category Function

QB&CN B&QB Qake&QB B&CN CN&Qake Qake&CN p-Value

Redundancy 3.05± 1.00 3.45± 0.89 3.15± 1.09 3.50± 1.32 3.95± 1.05 3.20± 1.28 **
Complementarity – – – – – – –

Combinations of representations: QB&CN = Quantum Bead and Circle Notation, B&QB = Bloch sphere and Quantum Bead,
Qake&QB = Qake and Quantum Bead, B&CN = Bloch sphere and Circle Notation, CN&Qake = Circle Notation and Qake,
Qake&CN = Qake and Circle Notation

4.2.1 Results from design categories
Based on the data, we observe that there are significant differences between the represen-
tations in the ratings for salience (χ2(3) = 21.706, p < 0.001). The rating for the Quantum
Bead was significantly higher than for the Bloch sphere (d = 0.36) and the Circle Nota-
tion (d = 0.38). In addition, there was a significant difference between Qake and the Circle
Notation with d = 0.31, and between Qake and the Bloch sphere (d = 0.32). The Quantum
Bead (mean: 3.33±1.03) was rated the most salient, followed by Qake (mean: 3.11±0.88).

Furthermore, there are significant differences in the category dimension (χ2(3) = 17.810,
p < 0.001), particularly between the Quantum Bead and the Circle Notation (d = 0.39) rep-
resentations and between Qake and Quantum Bead (d = 0.38). The experts rated the Circle
Notation and Qake as more adequate regarding their spatial dimensionality. There is also
a significant positive correlation r = 0.41 between dimension and salience (95% confidence
interval of 0.31 to 0.50).

We found significant differences between the representations in the generation of mis-
conceptions respectively understanding difficulties (χ2(3) = 37.090, p < 0.001). Accord-
ing to the expert ratings, the Circle Notation tends to cause fewer difficulties than the
Quantum Bead, (p < 0.001, d = 0.50), the Bloch sphere (p < 0.034, d = 0.38), and the Qake
representation (p < 0.042), d = 0.36). The experts rated the Bloch sphere and the Quan-
tum Bead as more likely to lead to understanding difficulties than the Circle Notation and
Qake.

We also found significant differences between the representations in the category colour
(χ2(2) = 38.297, p < 0.001). Significant differences were found between the Bloch sphere
and Qake (p < 0.001, d = 0.90) and between the Circle Notation and the Bloch sphere
(p < 0.001, d = 0.69). There was also a significant difference between Qake and the Circle
Notation (p < 0.001, d = 0.86). These differences all have a high effect size. The Bloch
sphere was rated high as colour independent respectively no relevant in colour (mean:
4.90 ± 0.31) while the Qake model was rated highly colour dependent to visualise the
concepts (mean: 1.29 ± 0.46).

4.2.2 Results from function categories
The results indicate non-significant differences between the representations in terms of
mathematics and contiguity. Despite the similar rating regarding interaction with mathe-
matics, the Circle Notation and Qake were rated significantly higher in regarding whether
concepts (χ2(3) = 37.258, p < 0.0001) such as quantum measurement, superposition, and
probabilistics were appropriately visualised.

The data indicate a significant difference in predictability (χ2(3) = 10.451, p = 0.015).
Moreover, there is a significant positive correlation r = 0.47 between the ratings for pre-
dictability and mathematics (95% confidence interval of 0.27 to 0.63).
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Figure 3 Experts’ ratings of whether representations have the same information content of concepts.
Combinations of representations: QB&CN = Quantum Bead and Circle Notation, B&QB = Bloch sphere and
Quantum Bead, Qake&QB = Qake and Quantum Bead, B&CN = Bloch sphere and Circle Notation, CN&Qake =
Circle Notation and Qake, Qake&CN = Qake and Circle Notation

The experts rating also analysed how representations are used in combination with each
other overlap/redundancy (Fig. 3), i.e., how many complementary or redundant informa-
tion they contain. This follows prior research on MER, which suggests that redundancy
and complementarity can impact learning differently [7]. The category complementary
was not analysed further due to disagreement among the experts. However, there is a
significant difference between particular groups in overlap/redundancy (χ2(5) = 16.126,
p < 0.01). Between groups QB/CN and CN/Qake (p < 0.05) a significant difference (with an
effect size of d = 0.64) could be determined, as well as between groups QB/B and Qake/B
(p = 0.05, and d = 0.19). Between all other pairs, no significant difference could be iden-
tified. Representations with the same dimensions were assigned the highest rating values
for overlap/redundancy (QB/B: 3.45 ± 0.89; CN/Qake: 3.95 ± 1.05).

4.2.3 Results from task categories
As already mentioned, there was a significant difference between the expert ratings of the
suitability of the representations for visualising concepts (χ2(3) = 37.258, p < 0.001). This
concerns the concepts of quantum measurement, superposition, and probabilistic. This
difference was found to exist mainly between the Circle Notation and the Bloch sphere
(d = 0.43), the Quantum Bead and the Circle Notation (d = 0.42), Qake and the Bloch
sphere (d = 0.48), and Qake and the Quantum Bead (d = 0.51). Circle Notation (mean:
4.02 ± 1.07) and Qake (mean: 3.88 ± 1.05) were rated higher on average.

The results indicate significant differences in the representations regarding the visual-
isation of phase (relative) (χ2(3) = 15.528, p < 0.001). Post hoc tests showed that these
differences were mainly between the Quantum Bead and Bloch sphere representations
(p < 0.01, d = 0.64), and also between the Quantum Bead and Circle Notation (p < 0.01,
d = 0.60). A high effect size can be assigned to this. The Circle Notation and Qake were
rated higher on average.

There was also a significant difference in the visualisation of the amplitude (χ2(3) =
29.008, p < 0.001). The data showed a difference between the Quantum Bead and Circle
Notation representations (p < 0.01, d = 0.67) and also a significant difference between the
Quantum Bead and Qake (p < 0.01, d = 0.76). Significant differences were also found in
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the comparisons between the Qake representation and the Bloch sphere (d = 0.66). Qake
(mean: 4.60 ± 0.52) and the Circle Notation (mean: 4.50 ± 0.51) were rated higher on
average. A high effect size can be assigned to this.

Moreover, ratings for visualisation of the amplitude correlate positively with those for
the predictability category r = 0.49 (95% confidence interval of 0.30 to 0.64).

There are no significant differences between the representations concerning the cate-
gory quantum technology. This is likely due to the fact that all representations of a qubit
were visualised, thus allowing us to demonstrate the elementary operation of a quantum
computer (the X-, Z-, and H-gates).

4.2.4 Results from cross-concept categories
The data indicated significant differences between the representations in terms of effort
in explanation (χ2(2) = 8.9333, p < 0.01) specifically between the Circle Notation and the
Bloch sphere (d = 0.55, p = 0.034) and between Qake and the Bloch sphere (d = 0.56, p =
0.032).

The expert assessments differed significantly across representations for the category
generability according to the Friedman test results (χ2(2) = 8.4595, p < 0.01). However,
the subsequent pairwise comparisons using the Wilcoxon signed-rank test with Bonfer-
roni correction showed no significant differences between the individual representations
(p > 0.05). This suggests that, although there were overall differences in the ratings, none
of the specific pairwise differences were statistically significant after the correction for
multiple comparisons was applied.

The coefficients of variation for generability the Qake representation and effort in the ex-
planation for the Quantum Bead exceeded 0.5, indicating significant disagreement among
the experts. Due to the lack of consensus reflected in the data, these representations were
excluded from consideration in these categories.

In the following, we present an overview of the results and indicate how they can play a
role in the development of new qubit representations. Fig. 4 visualises how the four rep-
resentations differ in their profiles across categories. The categories overlap/redundancy
and complementarity are not included as they do not refer to individual representations
but to combinations of them.

It can be seen that representations were rather similar regarding the categories conti-
guity, mathematics, and quantum technologies. However, the experts perceived consider-
able differences between the representations in the following categories: phase, amplitude,
concepts, and understanding difficulties. Moderate differences were observed for salience,
dimension, and predictability. Table 5 shows the effect sizes of the differences within the
representations. These can be helpful when deciding on the choice and creation of new
representations, in which a categorisation can be made beforehand according to similari-
ties and average, strong differences in the aspects of representations. It is essential to plan
how these are used in their tasks/applications. The mean value was inverted for under-
standing difficulties to provide an overview of which categories were rated higher and thus
have a positive impact on learning. Colour is intended to show how relevant the colour
component is for understanding the concepts and represents a limitation of the represen-
tation, which is why it is inverted.
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Figure 4 Overview of the differences in means between the representations in each category. Categories
marked with * are inverted. The mean values were inverted for understanding difficulties, that is, high values in
these items mean that experts associate the representation with a lower tendency to cause understanding
difficulties, because we want to give an overview in this figure of which categories were rated higher and are,
therefore, positive for learning. Effort in explanations is also inverted: high values in these cases mean that
experts perceive less effort in presenting information with the representation. The categories and
representations that were not analysed further due to a lack of agreement are as follows: actions/steps and
complementarity, colour for the Quantum Bead, generability for the Cake, and effort in explanations for the
Quantum Bead.

Table 5 Overview of effect size for each category

Category Effect sizes

Moderate to high effect
Amplitude 0.66 ≤ d ≤ 0.76
Phase *relative 0.60 ≤ d ≤ 0.64
Understanding difficulties 0.40 ≤ d ≤ 0.52
Overlap/redundancy d = 0.64

Moderate effect
Concepts 0.42 ≤ d ≤ 0.51
Dimension d ≤ 0.39
Salience 0.31 ≤ d ≤ 0.38

No difference
Mathematics
Contiguity
Predictability
Quantum technologies

Only effect sizes for which the experts were in agreement for all representations are shown. Thus, colour, generability and
effort in explanations are not listed.

4.2.5 Results of the free-text questions
The experts were also asked to indicate which category they thought was important to
differentiate the representations and which concepts, if any, were missing.

An expert noted that the salience category is difficult to assess, as it is hard to fulfil the
conditions for salience via the rating.

The actions/steps category is also difficult to quantify. This is also reflected in the wide
spread of rater responses in this category, which is still meaningful for categorising the
representations, but should be recorded differently. One possibility would be to record
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the individual steps qualitatively via what is spoken or written and to quantify them via
defined sections in “steps”.

Another expert, felt that the effort in explanation category is the most important from
an educational perspective. This proves to be a good categorisation of the representation
for effective and target group-oriented use.

Some experts suggested including additional categories for correctness, enjoyment in
learning, the possible construction of real models for visualisation, and interactive soft-
ware or videos.

The following additional concepts were suggested: mixed states, partial traces, errors,
types of entanglement, entanglement entropy, systems with more than two qubits, C-X
(controlled-X) gates for two qubits in all representations, as this is essential for quantum
computing, and visualisation of multiple qubits and algorithms.

5 Discussion
The expert rating process had two goals: to identify features of qubit representations that
may support learning and to identify factors that need to be considered when developing
new qubit representations.

5.1 Interpretation of findings
The data show that, according to the experts, of the four compared representations, the
Circle Notation and Qake are especially well suited for visualising concepts such as phase
or amplitude. They provide clarification of the theoretical relationships between phase
and amplitude, which play a central role in the precise description of a quantum state.

In general, the aim in learning environments—whether in traditional instructional
materials, multimedia-based instruction, or technology-enhanced approaches such as
AR/VR—is to reduce difficulties that can arise from misconceptions in visual-graphical
representations. More attention needs to be paid to shape, dimension, and preconceptions
to avoid misunderstandings [1, 64, 79]. The exclusion of one statement (B) has shown that
it is difficult to judge on the basis of statements whether visual-graphical representations
can cause or reinforce misconceptions or difficulties.

The remaining statements allow us to identify the differences in perception between the
raters regarding the potential for triggering difficulties or false concepts in learners, with
a medium to high effect size, which is why we think it is important to consider difficulties
with regard to misconceptions.

According to the ratings, the qubit representations differ in salience, which may play a
key role in learning. The correlation of the ratings in the salience category with those in
the dimension category suggests that more salient representations like the Quantum Bead
also have more appropriate dimensionality (2D or 3D) for understanding the concept. It
is possible that this correlation is due to other factors, or that the variety of representa-
tions employed is insufficient to fully recognise this effect. Particularly highly salient rep-
resentations show a strong colour component (e.g. the Quantum Bead). Brightly coloured
representations such as the Quantum Bead are beneficial for learning if they are used to
attract attention to relevant components [62].

Moreover, the expert rating results indicate that the dimensionality of a representation
could play a role in understanding difficulties. In consideration of the theory and the find-
ings [63–65], it has already been shown that spatial dimensionality can lead to difficul-
ties in understanding. Overall, however, the expert ratings only refer to a small, selected
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number of statements regarding difficulties or misconceptions, which could potentially be
caused by learners being overwhelmed by or misinterpreting the representations’ features.

There are no significant differences between the representations regarding the func-
tion categories for qubit representations, except for predictability and overlap/redun-
dancy. This is likely because most categories were considered elementary for qubit
representations or because the selected representations may be similar in these re-
spects.

The expert rating has shown that the individual qubit representations have different
feature profiles, which is reflected in the different strengths and weaknesses of the repre-
sentations. None of the representations could be found to be clearly superior or inferior in
all categories. In other contexts, the use of several representations, also known as multiple
representations, has proven to be useful (see Sect. 2.3). The following quotes from experts
in the free-text responses illustrate this:

‘[. . . ] But there should never be the ‘one representation’, since more visual models like
the qubit cakes will always be easier to digest at first, while models like the bloch-sphere
help understand more complex topics.’ (Expert no. 16)

‘The Circle Notation and the quantum cake model purely represent the mathematical
tool of expressing a qubit (or several qubits). Hence they are mostly helpful to students
who are struggling with the basic math. The other two representations (Quantum Bead
and Bloch sphere) on the other hand are somewhat more advanced, because they try to
represent the fact that a qubit can be visualized in 3-dimensional space. [. . . ]’ (Expert
no. 3)

This emphasises how important it is to know features/aspects of qubit representations
in order to use them in a targeted and learning-promoting way.

5.2 Further research
An attempt has been made to draw conclusions for learners from the experts’ assessments
and current learning research, but further studies are needed to verify the results and ob-
tain a more detailed perspective. Table 6 provides an overview of expert opinions on the
individual features of the representations using the mean values. This helps to raise ques-
tions for follow-up studies, such as which of the features that differ between the represen-

Table 6 Scaling of the different categories in relation to representations

When the internal agreement among the raters was insufficient—applying only to this representation—we classified it as ‘no
information’
1 ‘High’ means less prone to difficulties; ‘low’ means very prone to difficulties
2 ‘High’ means that colour are not necessary to visualise concepts in QP, which is positive for representation.
3 ‘High’ means less effort is needed to explain how a representation presents information; ‘low” means more effort is needed.
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tations according to the experts’ ratings are relevant to learning. The scaling from low to
high was chosen based on whether there were significant differences in the data from the
tests reported in this study and the corresponding orientation by mean value. If there were
no significant differences between the representations, the same category was chosen for
them. In future studies that investigate the influence of single features of representations
on learning, as many aspects as possible should be controlled to study the effect of a par-
ticular aspect. Maintaining this balance is a challenge. The gains in learning provided by
representations could be measured. In any case, a follow-up study is required to capture
the effect of the representations on learners’ achievements. It is, therefore, necessary to
investigate whether the identified features of qubit representations, which differ from ex-
pert opinion, can be transferred to the perspective of the learners and examined for their
potential to facilitate learning. For instance, it could be investigated whether certain rep-
resentations are more likely to cause difficulties than others. It would also be interesting
to investigate the relationship between predictability and amplitude visualisation in more
detail. Are there effects on learning when the amplitude is visualised more strongly in the
representations?

Draft of a study: In Table 6, the differences and similarities between the representa-
tions are shown. One possible study would be to first analyse two similar representations
that nevertheless have substantial differences in a certain category, such as the Quantum
Bead and the Bloch sphere in the salience category. The challenge, however, is to reduce
or avoid compensation effects or effects that are stronger due to other categories than in
the other representation (in this case, phase and amplitude for the Bloch sphere). Both
representations could be delivered via a learning unit for a specific concept, for exam-
ple, for superposition. Eye tracking could be used to analyse the learners’ gaze behaviour
and determine the duration of fixation. Pre- and post-tests could be used to compare the
learning gain with the representations and thus determine how high the learning gain was
when using the representations. Many other studies are possible.

As mentioned, MER can be used in different ways. When there are overlaps or redun-
dancies between representations, these can be useful for learning concepts in QP and QT.
In favour of the use of multiple representations: overlaps in representations of the same
spatial dimensionality were rated higher on average by the experts. Further research is
needed to investigate the learning potential of the use of multiple representations and, in
particular, which combinations are conducive to learning. We know from MER research
that the use of multiple representations can fulfil various functions that can promote learn-
ing with representations [7]. They can be analysed for different functions. Specifically,
there are three key functions that MERs can perform (even simultaneously) to support
the learning process:

1. supporting complementary processes
2. enabling representations to constrain each other
3. developing of deeper understanding
As part of a study, it could be examined to what extent and with combinations the use of

MER for qubit representations makes sense. The combinations from the rating can be used
for this purpose. The study could contrast learning using a combination of representations
with learning using individual representations.



Qerimi et al. EPJ Quantum Technology           (2025) 12:45 Page 28 of 36

5.3 Limitations
The expert ratings provide us with a categorisation based on people with a wealth of expe-
rience, but there are also some limitations, such as the small sample size and the specific
selection of representations. The experts had a limited view of the representations as they
only had access to the contents of the cheat sheet and, where applicable, material from the
references. It is therefore possible that the strength of the representations was limited.

Additionally, the relatively high number of rating items (140) may have led to fatigue
effects among the raters, potentially influencing their responses towards the later items.
However, the structured nature of the rating aimed to minimise this effect, and raters had
the option to pause and resume their assessment at any time, ensuring that they could
complete the ratings without time pressure.

Furthermore, the categories that were not further analysed due to a lack of agreement
are not necessarily unsuitable, including complementarity and actions/steps. With a larger
sample, it could be valuable to analyse these further. Similarly, the use of tangible tools for
visualizing representations was not included in the ratings. Due of the study as an online
survey and the highly variable and, in some cases, limited development status of tangible
tools across all representations, this aspect could not be assessed.

Moreover, while expert perspectives provide valuable insights into the structure and
conceptual affordances of representations, they do not necessarily reflect the intuitive un-
derstanding and learning processes of novice learner. Experts tend to evaluate represen-
tations based on their completeness, efficiency, and formal correctness, which may differ
from the cognitive accessibility that would be most beneficial for learners. This distinction
should be kept in mind when interpreting the findings.

Due to the lack of consensus among the raters, items in certain categories or even entire
item sets, and thus the entire category, were excluded, so that the expert ratings only offer
a limited view of the features of visual-graphical qubit representations. The concepts were
exclusively focused on the consideration of single-qubit cases. Multi-qubit systems were
not directly analysed.

6 Conclusion
The expert ratings provide key insights into the features of qubit representations that fa-
cilitate learning in QP and highlight important considerations for developing new, more
effective representations in QP education. Choosing appropriate representations is chal-
lenging. Leveraging the category system based on the DeFT framework could help make
visual representations more effective and optimise their use in different educational con-
texts.

6.1 Key insights from expert rating
• Phase and Amplitude: The expert ratings in this study suggest that representations

like the Circle Notation or Qake could be more effective in teaching fundamental QP
concepts, than the other two representations analysed in this study. The Circle
Notation was also rated highly in terms of phase and amplitude and the experts
attached particular importance to representations that clearly visualise these aspects.
In addition, representations that explicitly visualise the relative phase with an arrow or
a line, such as the Circle Notation and the Bloch sphere, received higher ratings.

• Colour and Salience: Although colour can enhance salience for specific purposes, it
is not deemed essential for conveying the core concepts.
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• Combination of representations: Since no single representation can effectively
convey all concepts (for example, the Bloch sphere does not visualise entanglement),
multiple representations should be combined for a more comprehensive
understanding.

• Understanding difficulties: Misconceptions can arise from different sources, and
careful consideration of these factors is necessary when developing educational
materials.

Key factors in developing new qubit representations include minimising difficulties, par-
ticularly through clear visualisation of the (relative) phase and amplitude. Our findings
indicate that the Circle Notation and the Qake model are particularly effective in visual-
ising quantum concepts and are considered easier for learners to understand. To prevent
misunderstandings, especially with less intuitive representations like the Quantum Bead
and the Bloch sphere, a more detailed introduction or explanation may be required. This
suggests that the Circle Notation or a pie chart model, like Qake, may be more suitable or
efficient for teaching the fundamental concepts of QP and QT (see Fig. 4 and Table 5).

Finally, representations such as the Bloch sphere cannot be used for all concepts (e.g., en-
tanglement), so they must be used in combination with other qubit representations when
teaching QT. According to experts, they can certainly be used for educational purposes
and may even be capable of supporting a transition to the use of MER to fill this “gap” [2, 7].
This enables a comprehensive representation of quantum concepts, particularly those that
are fundamental to QT.

These findings have important implications for the development of future teaching ma-
terials and could significantly enhance the teaching of QP. Future research should focus
on refining these representations for different educational levels and contexts, exploring
their effectiveness across diverse learning environments, and integrating additional visual
elements to further aid comprehension.

6.2 Challenges and open questions
While this study focuses on expert perspectives, an important open question remains:
How do learners perceive and learn with different representations? Future research should
involve learners in empirical studies so that it is possible to investigate how representations
support or hinder learning processes in terms of the category system.

Moreover, this study is not without limitations, including its relatively small sample
size, limited range of representations, and exclusive focus on single-qubit cases. Thus, al-
though the findings are promising, further research is needed to confirm the results across
broader settings and with more varied representations. Future studies should also inves-
tigate multi-qubit systems to provide a more comprehensive understanding of effective
representations in QP education.

By leveraging the expert-rated category system based on the DeFT Framework, edu-
cators and researchers can develop more effective visual representations that align with
learners’ needs and support deeper conceptual understanding in quantum physics educa-
tion.

Appendix A: Medians
After a significant Friedman test (see column p-value), comparing the medians between
conditions can help to identify patterns in the ratings and clarify the direction of differ-
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Table 7 Median expert rating for each category

Category Quantum Bead Circle Notation Bloch sphere Qake p-value

Design

Salience 3.0 3.0 3.0 3.0 ***
Dimension 4.0 4.0 4.0 4.0 ***
Understand difficulties1 4.0 3.0 4.0 3.0 ***
colour – 4.0 5.0 1.0 ***

Function

Actions/steps – – – – –
Mathematics 3.0 4.0 4.0 4.0 n.s.
Contiguity 4.0 4.0 3.0 4.0 n.s.
Predictability 4.0 4.0 4.0 4.0 *

Tasks/applications

Concepts 3.0 4.0 3.0 5.0 ***
Quantum measurement 3.0 4.0 4.0 5.0 **
Superposition 3.0 4.0 4.0 5.0 **
Probabilistics 4.0 4.0 3.0 5.0 *
Quantum technologies 4.0 4.0 4.0 4.0 n.s.
Phase2 4.0 5.0 5.0 4.0 ***
Amplitude 3.5 4.5 4.0 5.0 ***

Cross-concepts

Generability 2.0 3.0 2.0 – ***
Effort in explanation3 – 3.0 2.0 3.0 **

The p-value was calculated using the Friedman test to determine the difference between the representations. ***p < 0.001,
**p < 0.01 and *p < 0.05. n.s. = not significant
1Inverted: 5 means very prone to difficulties, 1 means less prone to difficulties
2Relative Phase
3Inverted

Table 8 Medians of function categories

Category Function

QB&CN B&QB Qake&QB B&CN CN&Qake Qake&CN p-Value

Redundancy 3.0 3.5 3.0 4.0 4.0 3.0 **
Complementarity – – – – – – –

Combinations of representations: QB&CN = Quantum Bead and Circle Notation, B&QB = Bloch sphere and Quantum Bead,
Qake&QB = Qake and Quantum Bead, B&CN = Bloch sphere and Circle Notation, CN&Qake = Circle Notation and Qake,
Qake&CN = Qake and Circle Notation

ences. Medians are used to indicate central tendencies. Table 7 and Table 8 provide infor-
mation about the median rating levels.

Appendix B: Coefficient of variation
The coefficient of variation provides a measure of agreement among expert ratings by ex-
pressing the standard deviation relative to the mean (see Table 9 and 10). All items with
a value of 0.5 or higher were excluded from the analysis, as they exceed the threshold
value, indicating high variability among responses. These excluded items are highlighted
in grey in the table for better visibility. The exclusion criterion ensures that only items
with sufficiently low response variability remain in the analysis, enhancing the robust-
ness of the comparisons between the different representations. This appendix provides
an overview of the coefficient of variation values used to assess rating consistency across
categories.
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Table 9 Coefficient of variation for the total items of the categories

Item Quantum Bead Circle Notation Bloch sphere Qake

Salience_QS 0.27 0.36 0.27 0.25
Salience_QM 0.32 0.35 0.30 0.29
Salience_Sp 0.29 0.32 0.31 0.27
Salience_E 0.37 0.27 0.40 0.31
Dimension_QS 0.29 0.29 0.21 0.21
Dimension_QM 0.21 0.23 0.27 0.25
Dimension_Sp 0.27 0.19 0.27 0.20
Dimension_E 0.50 0.38 0.50 0.35
Actions_steps_QS 0.52 0.39 0.34 0.38
Actions_steps_QM 0.53 0.70 0.63 0.48
Actions_steps_Sp 0.56 0.52 0.53 0.48
Actions_steps_E 0.59 0.55 0.66 0.57
Understanding_difficulties_A 0.19 0.45 0.35 0.49
Understanding_difficulties_B 0.51 0.47 0.41 0.51
Understanding_difficulties_C 0.42 0.44 0.42 0.43
Understanding_difficulties_D 0.28 0.29 0.29 0.39
Colour 0.55 0.28 0.06 0.47
Mathematics 0.40 0.25 0.14 0.25
Contiguity 0.39 0.29 0.41 0.28
Predictability 0.19 0.13 0.17 0.18
Phase_Gl 0.64 0.36 0.81 0.32
Phase_Rl 0.43 0.13 0.13 0.21
Amplitude 0.31 0.11 0.23 0.11
Concept_QM 0.31 0.30 0.29 0.27
Concept_Sp 0.39 0.24 0.31 0.27
Concept_E 0.56 0.51 0.44 0.45
Concept_prob 0.34 0.27 0.35 0.29
QT_H-Gate 0.27 0.36 0.26 0.36
QT_X-Gate 0.23 0.31 0.18 0.26
QT_Z-Gate 0.29 0.33 0.24 0.34
Generability 0.32 0.39 0.22 0.51
Effort_in_explanation 0.51 0.37 0.42 0.36

Any item with a coefficient of variation of 0.5 or higher was excluded from further analysis.

Table 10 Coefficient of variation for complementarity and overlap/redundancy in combination of
representations. We name the items according to the requested combinations

Item QB&CN B&QB Qake&QB B&CN CN&Qake Qake&CN

Redundancy 0.33 0.26 0.35 0.38 0.27 0.40
Complementarity 0.46 0.51 0.48 0.53 0.48 0.50

Combinations of representations: QB&CN = Quantum Bead and Circle Notation, B&QB = Bloch sphere and Quantum Bead,
Qake&QB = Qake and Quantum Bead, B&CN = Bloch sphere and Circle Notation, CN&Qake = Circle Notation and Qake,
Qake&CN = Qake and Circle Notation

Appendix C: Mean rating value (graphs)
The following section presents the mean rating values across the evaluated categories. To
facilitate comparison, the bar charts have been structured as grouped bar charts, display-
ing multiple categories for each representation side by side.

Figure 5 shows the mean values for the design-related categories, including salience, di-
mension, and understanding difficulties. Figure 6 presents the mean values for function-
related categories, including mathematics, contiguity and predictability, and Fig. 7 pro-
vides an overview of the ratings for application-related categories. These visualizations
support the analysis of differences in expert ratings across the evaluated representations.
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Figure 5 Mean values for categories under design categories

Figure 6 Mean values for categories under function categories

Figure 7 Mean values for categories under tasks/applications categories



Qerimi et al. EPJ Quantum Technology           (2025) 12:45 Page 33 of 36

It should be noted that the mean values presented in these figures provide an overview
of the ratings but do not necessarily indicate statistically significant differences in all cat-
egories. For a detailed statistical analysis, incorporating significance testing, please refer
to Table 3.
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